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IV. ON THE RADICAL AXIS.

1. 7o find the locus of points from which the tangents drawn to
two qiven cireles are equal.

Fig. 1.

Let A and B be the centres of the given circles, whose radii are a
and b ; and let P be any point such that the tangent PQ drawn to
the circle (A) is equal to the tangent PR drawn to the circle (B).

It 18 requared to find the locus of P.

Join PA, PB, AQ, BR, AB : and from P draw PS perp. to AB.
Then because PQ=PR, . PQ2=PR2

But PQ?*=PA? - AQ?; and PR2=PB2- BR2. 1. 47.
-. PA*-AQ?=PB?- BR?;
that is, PS?+AS? - a2=PS82 4+ SB2 - }2; I. 47.
or AS? - a2 =8B2 - 12,

" Hence AB is divided at S, 5o that AS? - SB?— a2 be .
S S8 a fized poind.

Hence all points from which equal tangents can be drawn to the
two circles lie on the straight line which cuts AB at rt. angles, so

that the difference of the squares on the segments of AB is equal to
the difference of the squares on the radii.

_, Afﬂ-m » by simply retracing these steps, it may be shewn that in
Fig. ] every point in 8P, and in Fig. 2 every point in SP exterior to
th::llrelea, 18 such that tangents drawn from it to the two circles are
equal.

Hence we conclude that in Fie. 1 the whole line SP is the required
locus, and in Fig. 2 that part of P which is without the circles,

In either case SP is said to be the Radical Axis of the two circles.
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COROLLARY. If the circles cut one another as in Fig. 2, i is clear
that the Radical Axis is identical with the straight line which passes
through the pownts of intersection of the circles ; for it follows readily
from 111. 36 that tangents drawn to two intersecting circles from any
point in the common chord produced are equal.

2. The Radical Axes of three circles taken in pairs are concurrent,

Let there be three circles whose centres are A, B, C.
Let OZ be the radical axis of the ©* (A) and (B) ;
and OY the Radical Axis of the ©*® (A) and (C), O being the point

of their intersection.
Then shall the radical axis of the ®* (B) and (C) pass through O.
It will be found that the point O is either without or within all
the circles.

I. When O is without the circles.
From O draw OP, OQ, OR tangents to the ©* (A), (B), (C).

Then because O is a point on t‘l:;% ra%lal axis of (A) and (B); Hyp.
And because O is a point on Bhpe_ragiﬂcal axis of (A) and (C), Hyp.
2 0Q=0OR; .
. O is a point on the radical axis of (B) and (C) ;
that is, the radical axis of (B) and (C) passes through O.

- II. If the circles intersect in such a way that O is within them
tuhe’ radical axes are then the common chords of the three circles

taken two and two ; and it is required to prove that these common
- chords are concurrent. Thisma.yhe-hmindincﬂybym.m
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3. To draw the radical axis of two given cireles.

Let A and B be the centres of the given circles.
It is required to draw their radical axis.

If the given circles intersect, then the st. line drawn through their
points of intersection will be the radical axis. [Ex. 1, Cor. p. 397.]
But if the given circles do not intersect, |
describe any circle so as to cut them in E, F and G, H. |
Join EF and HG, and produce them to meet in P.
Join AB ; and from % draw PS perp. to AB,

Then PS shall be the radical axis of the (s (A), (B).
[The proof follows from 111. 36 and Ex. 1, p. 396.]

DEFINITION. If each pair of circles in a given system
have the same radical axis, the circles are sald to be co-axal.

EXAMPLES ON THE RADICAL AXIS.
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5. If circles are described on the three sides of a triangle as
diameter, their radical centre is the orthocentre of the triangle.

6. AU circles which pass through a fixed point and cul a giwen
cirele orthogonally, pass through a second fixed pownt.

7. Find the locus of the centres of all circles which pass through a
given point and cut a given circle orthogonally.

8 Describe a circle to pass through two given points and cut
a given circle orthogonally.

0. Find the locus of the centres of all circles which cut two given
circles orthogonally.

10. Describe a circle to pass through a given point and cut two
given circles orthogonally.

11. The difference of the squares on the tangents drawn from any
point to two circles is equal to twice the rectangle contained by the

straight line jowning their centres and the perpendicular from the given

point on their radical axis.

12. In a system of co-axal circles which do not intersect, any point
is taken on the radical axis; shew that a circle described from this

point as centre, with radius equal to the tangent drawn from it to any
one of the circles, will meet the line of centres in two fixed points.

[ These fixed points are called the Limiting Points of the system.]

13. In a system of co-axal circles the two limiting points and the
points in which any one circle of the system cuts the line of centres
form a harmonc range.

14. In a system of co-axal circles a limiting point has the same
polar with reqard to all the circles of the system.

15. If two circles are orthogonal any diameter of ome is cut
harmonically by the other.

V. ON TRANSVERSALS.
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DEFINITION. A straight line drawn to cut a given
system of lines is called a transversal.

F

RN - S G D

Let AD, BE, CF be drawn from the vertices of the A ABC to
intersect at O, and cut the opposite sides at D,E, F

Then shall BD.CE.AF=DC.EA.FB,.

Now the 2* AOB, AOC have a common base AO ; and it may be
shewn that

BD : DC=the alt. of A AOB : the alt. of A AOC :
. BD_A AOB
" DC~Z AGG*
similarly, CE A BOC

EA- A BOA’
AF A COA
and F—E-z-_ A m.
Multiplying these ratios, we have
BD CE AF
5—6 : ﬁ : ﬁzl ; | 5
or, BD.CE.AF=DC.EA.FB.

.Iahll.‘_ v B ;1-'- R T it L
= AL el ¥

Q.E.D,

Note. The converse of this theorem, which may be prc in- ¢
directly, is very important : it may be enunciated thym : W"d D

If three straight lines drawn from the vertices a triangle
ot it e o, he vt of o ingl
order is equal to the product of the other three, then the thre

lines are concurrent.
That is, if BD .
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2. If a transversal is drawn to cut the sides, or the sides produced

- . - ; : . ’I

q}‘ §/ frm-nyf.r-, the ;H‘ﬂr/?”‘f ffgf f}!?‘PI alternate seqments fr;ke;;_ In grd.gr ig
equal to the product of the other three segments.

Let ABC be a triangle, and let a transversal meet the sides BC,
CA, AB, or these sides produced, at D, E, F.

Then shall BD.CE.AF=DC.EA.FB.
Draw AH par' to BC, meeting the transversal at H.
Then from the similar A®* DF B, HAF,

BD HA,
FB AF
and from the similar A® DCE, HAE,

CE_EA,
DC HA®

. BD.CE.AF _
WIS I, DC EA FB- U

or, BD.CE.AF=DC.EA.FB.
Q.E.D.

Nore. In this theorem the transversal must either meet two
sides and the third side produced, as in Fig. 1; or all three sides
produced, as in Fig. 2.

The converse of this theorem may be proved indirectly :

. Ifthnepdnummkenintmaﬂeaqfawmmm

side produced, or in all three sides prod so that the product of
three alternate segments taken n uqudwthpﬁldq'th
other three segments, the three points are collinear.
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DEFINITIONS.

1. If two triangles are such that three straight lines
joining corresponding vertices are concurrent, they are said

to be co-polar. |
2. If two triangles are such that the points of inter-
section of corresponding sides are collinear, they are said

to be co-axial.

The propositions given on pages 111-114 relating to the con-
currence of straight lines in a trllzmgle, may be proved by the method
of transversals, and in addition to these the following important
theorems may be established. |

THEOREMS TO BE PROVED BY TRANSVERSALS.

1. The straight lines which join the vertices of a triangle to the
W of contact Qf the tmmbed’cwcle (or any Of the three W .-,-';j:
2. The middle points of the diagonals of a ] | ﬁ h

3. Co-polar triangles are also co-axial ; and conversely co-azial

. =
- T

4. The six centres of similitude of three circles lie t. s
on four straight lines. f of c three bfm -
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MISCELLANEOUS EXAMPLES ON BOOK VL

. Through D, any point in the base of a triangle ABC,
straight lines DE, DF are drawn parallel to the sides AB, AC, and
meeting the sides at E, F : shew that the triangle AEF is a mean
proportional between the triangles FBD, EDC.

2. If two triangles have one angle of the one equal to one
angle of the other, and a second angle of the one supplementary to
a second angle of the other, then the sides about the third angles
are proportional.

A" 3. AE bisects the vertical angle of the triangle ABC and meets
the base in E ; shew that if circles are described about the triangles
ABE, ACE, the diameters of these circles are to each other in the

same ratio as the segments of the base.

l P i Through a fixed point O draw a straight line so that the
*: - parts int.erce?ted between O and the perpendiculars drawn to the
straight line from two other fixed points may have a given ratio.

5. The angle A of a triangle ABC is bisected by AD meeting BC
in D, and AX is the median bisecting BC : shew that XD has the
same ratio to XB as the difference of the sides has to their sum.

6. AD and AE bisect the vertical angle of a triangle internally
: and externally, meetin% the base in D and E ; shew that if O is the
‘ middle point of BC, then OB is a mean proportional between OD

and OE.
7 P and @ are fixed points; AB and CD are fixed llel
' straight lines; any straight line is drawn from P to meet AB at M,

and a straight line is drawn from Q parallel to PM meeting CD at
N : shew that the ratiq of PM to QN is constant, and thence shew
that the straight line through M and N passes through a fixed point.

8. If C is the middle point of an arc of a circle whose chord is
AB, and D is any point in the conjugate arc; shew that
| AD+DB : DC :: AB : AC.

9. In the triangle ABC the side AC is double of BC. A]'.Bf CD,
AB in

are as 1, 2, 3, 4

10. AB,
tangent at A cuts AB, AC in
rectangle AB, AD is equal to the rectangle

, AE.
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11. If from any point on the hypotenuse of a right-angled
triangle perpendiculars are drawn to the two s;des, the rectangle
contained by the segments of the hypotenuse will be equal to the
sum of the rectangles contained by the segments of the sides.

12. D isa point in the side AC of the triangle ABC, and E is_a.
point in AB. If BD, CE divide each other into parts in the ratio
4: 1, then D, E divide CA, BA in the ratio 3: 1.

13. If the perpendiculars from two fixed points on a straight

line passing between them be in a given ratio, the straight line
must pass through a third fixed point.

4. PA, PB are two tangents to a circle: PCD any chord
through P: shew that the rectangle contained by one pair of opposite

sides of the quadrilateral ACBD is equal to the rectangle contained
by the other pair.

15. A, B, C are any three points on a circle, and the tangent at
A meets BC produced in D : shew that the diameters of the circles
circumscribed about ABD, ACD are as AD to CD.

16. AB, CD are two diameters of the circle ADBC at right
angles to each other, and EF is any chord; CE, CF

are drawn
meeting AB produced in G and H : prove that
the rect. CE, HG =the rect. EF, CH.

17. From the vertex A of any triangle ABC draw a line meeting
BC produced in D 4 ~-.

80 that AD may be a mean proportional between
the segments of the base.

18. Two circles touch internally at O ; AB a chord of the larger

circle touches the smaller in C which is cut by the lines OA, OB in
the points P, Q: shew that OP - OQ::AC:CB.

19. AB is any chord of a circle ; AC, BC are drawn to any
point C in the circumference and meet '

cumfe ndicular
, £: 1f O is the centre, shew that the raclgflgeb OE is
equal to the square on the radius.

2. YDisa tangent to a circle drawn from a Poi'nt Y in
dﬂmz: A!Bhprot:lt:a l; from D g(perpendicular DX is drawn to the g
diameter ; shew t the points X, Y divid i | .
ternally in the same ratio.Po vide A% I 1y and ex

21. Determine a point in

=L the circumference of ~circle, from
mh lines drawn to two other gi:f::m.tl M‘hﬂu

N L kl .
LTS -f; a4 i
- T e T ﬂ.‘.llalv-h]
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| 22. O is the centre and OA a radius of a given circle, and V
is a fixed point in OA; P and @ are two poiﬁts on the ,circﬁm-
ference on opposite sides of A and equidistant from it; QV is
produced to meet the circle in L; shew that, whatever be the length
of the arc PQ, the chord LP will always meet OA produced in a
fixed point.

23. EA, EA’ are diameters of two circles touching each other
externally at E ; a chord AB of the former circle, when produced
touches the latter at C’, while a chord A’B’ of the latter touches the
former at C: prove that the rectangle, contained by AB and A'B’, is
four times as great as that contained by BC" and B'C.

24. If a circle be described touching externally two given
circles, the straight line passing through the points of contact will
intersect the line of centres of the given circles at a fixed point.

95. Two circles touch externally in C ; if any point D be taken
without them so that the radii AC, BC subtend equal angles at D,
and DE, DF be tangents to the circles, shew that DC is a mean
proportional between DE and DF.

26. If through the middle point of the base of a triangle any
line be drawn intersecting one side of the triangle, the other pro-
duced, and the line drawn parallel to the base from the vertex, it

will be divided harmonically.

27. If from either base angle of a triangle a line be drawn
intersecting the median from the vertex, the opposite side, and the
line drawn parallel to the base from the vertex, it will be divided

harmonically.

98. Any straight line drawn to cut the arms of an angle and its
internal and external bisectors is cut harmonically.

29. P, @Q are bharmonic conjugates of A and B, and C is an
external point; if the angle PCQ is a right angle, shew that CP, CQ
are the internal and external bisectors of the angle ACB.

30. From C, one of the base angles of a triangle, draw a straight
line meeting AB in G, and a straight line through A parallel to the
base in E, so that CE may be to EG in a given ratio.

31. P is a given point outside the angle formed by two given
lines AB, AC ; shew hlt’:v:'nto draw a straight line from ; such that
the parts of it intercepted between P and the lines AB, AC may

have a given ratio. .
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32. Through a given point within a given eircle, draw a straight
line such that the parts of it intercepted between that point and the

circumference may have a given ratio. How many solutions does
the problem admit of ?

33. If a common tangent be drawn to any number of circles
which touch each other internally, and from any point of this
tangent as a centre a circle be described, cutting the other circles :
and if from this centre lines be drawn through the intersections

of the circles, the segments of the lines within each circle shall be
equal.

34. APB is a quadrant of a circle, SPT a line touching it at P;
C is the centre, and PM is perpendicular to CA ; prove that

the A SCT : the A ACB :: the A ACB : the A CMP.

30. ABC is a triangle inscribed in a circle, AD, AE are lines
drawn to the base BC parallel to the tangents at B, C respectively ;
shew that AD =AE, and BD : CE :: AB? : AC2,

36. AB is the diameter of a circle, E the middle point of the
radius OB ; on AE, EB as diameters circles are described ; PQL is

@ common tangent touching the circles at P and Q, and AB produced

at L: shew that BL is equal to the radius of the smaller cirele.

: angle C of a triangle is bisected by a straight
line which meets the base at D, and is produced to a

point E, such
that the rectangle contained by CD and EE '

contained by AC and CB : shew that if the base and vertical
given, the position of E is invariable,

38. ABC is an isosceles triangle having the base angles at B
and C each double of the vertical angle : if %E and CD bisect the
ase angles and meet the opposite sides in E and D, shew that DE
gvé%es the triangle into figures whose ratio is equal to that of AB
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41. From the last exercise deduce the following : The inseribed
circle of a triangle ABC touches AB in F ; XOY is drawn through
the centre making equal angles with AB and AC, and meeting them
in X and Y respectively : shew that BX : XF =AY : YC.

42. Inscribe a square in a given semicircle.
43. Inscribe a square in a given segment of a circle.

44. Describe an equilateral triangle equal to a given isosceles
triangle.

45. Describe a square having given the difference between a
diagonal and a side.

46. Given the vertical angle, the ratio of the sides containing it,
and the diameter of the circumscribing circle, construct the triangle.

47. Given the vertical angle, the line bisecting the base, and
the angle the bisector makes with the base, construct the triangle.

48. In a given circle inscribe a trianile go that two sides may
pass through two given points and the t ird side be parallel to a
given straight line.

49. In a given circle inscribe a triangle so that the sides may
pass through the three given points.

50. A, B, X, Y are four points in a straight line, and O is such a
point in it that the rectangle S)A, QY is equal to the rectanfle 0B, OX;
if a circle is described with centre O and radius equal to a mean
proportional between OA and OY, shew that at every point on this

circle AB and XY will subtend equal angles.

5]. O is a fixed point, and OP is any line drawn to meet a fixed
straight line in P ; if on OP a point Q is taken so that OQ to OP is
a constant ratio, find the locus of Q. ;

52. O is a fixed point, and OP is any line drawn_to meet the
circumference of a fixed circle in P ; if on OP a point Q is taken so
that OQ to OP is a constant ratio, find the locus of Q.

53. If from a given point two straight lines are drawn including
a given angle, and having a fixed ratio, find the locus of the extrumz
t::rfgl one of them when the extremity of the other lies on a
straight line.

54. On a straight line PAB, two 't.nAmdBumrkoduﬁ
th; lin&e PAB is n;la.gdo l:: revolf:wr;u;g;ae fi e t.l:t Cis
a fix int in the e in whi revolves ; ,
and OBPobe joined a.pnd the parallelogram CADB be completed, the
locus of D will be & cirele.
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55. Find the locus of a point whose distances from two fixed
points are in a given ratio.

56. Find the locus of a point from which two given circles
subtend the same angle.

57. Find the locus of a point such that its distances from two
intersecting straight lines are in a given ratio.

58. In the figure on page 389, shew that QT, P'T’ meet on the
radical axis of the two circles.

are described externally: if X, Y, Z are the centres of their insc
circles, shew that the triangle XYZ is equilateral.

60. If S, | are the centres, and R, » the radii of the circum-
scribed and inscribed circles of a triangle, and if N is the centre of

59. ABC is any triangle, and on its sides equilateral tﬁaﬂ

its nine-points circle, N
prove that (i) SI*=R?- 2Ry, e e
(i) NI=4R-». e

Establish * ‘

properties for the escribed cir :
prove that the nine-points cme touches the mmmm el -




SOLID GEOMETRY.

EUCLID. BOOK XL

DEFINITIONS.

hFROM the Definitions of Book I. it will be remembered
that

(i) A line is that which has length, without breadth
or thickness.

(ii) A surface is that which has length and breadih,
without thickness.

To these definitions we have now to add :
(iiiy Space is that which has length, breadth, and
thickness.
Thus a line is said to be of one dimension ;

a surface is said to be of two dimensions ;
and space is said to be of three dimensions.

The Propositions of Euclid’s Eleventh Book here given
establish the first principles of the geomelry of space, or solid
geometry. They deal with the properties of straight lines
which are not all in the same plane, the relations which
straight lines bear to planes which do not contain those
lines, and the relations which two or more planes bear to
one another. Unless the contrary is stated the straight
lines are supposed to be of indefinite length, and the planes

of infinite extent.

Solid geometry then proceeds to discuss the properties
of solid figures, of surfaces which are not planes, and of

lines which cannot be drawn on a plane surface.
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LLINES AND PLANES.

1. A straight line is perpendicular to a plane when

it is perpendicular to every straight line which meets it
in that Te

Note. It will be proved in Proposition 4 that if a ltrn.ight line
is perpendicular to 8wo straight lines which meet it in a

also perpandmnlar to every straight line which meets it in &tﬁ plane. >

ltruant. line drawn perpendicular to a plane is said to be a
t plane.

2. The foot of the ege ndicular let fall from a given 2
point on a plane is called the projection of that point on

2 8 I I

3. The projection of a line on a plane is the locus of '
the feet of perpendiculars drawn from all points in the B
given line to the plane.
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4 The inclination of a straight line to a plane is the
acute angle contained by that line and another drawn from
the point at which the first line meets the plane to the
point at which a perpendicular to the plane let fall from
any point of the first line meets the plane.

Thus in the above figure, '
atraight line AB, which ntersects
dicular Xa is let fall on the plane, an
from A through z, then the inclination of the straight _
plane PQ is measured by the acute angle BAb. In other words :—

The inclination of ammumtoaphnointhemum
contained by the given straight line and its projection on the plane.

Axiom. If two surfaces intersect one another, they meet
in a line or lines.

5. The common section of tWoO intersecting surfaces 18
the line (or lines) in which they meet.
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6. One plane is perpendicular to another plane when
any straight line drawn in one of the planes perpendicular

to the common section is also perpendicular to the other
plane.

TR TR R
L U T g
PRt el

ik ! !l]!’f
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Thus in the above figure, the

7. The inclination of a plane to a plane is the acute

angle contained by two straight lines drawn from any point

in the common section at right angles to it, one jn one
plane and one in the other.,

Thus in

the adjoining f; re,
line AB i —
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8. Parallel planes are such as do not meet when pro-
duced.

9. A straight line 1s parallel to a plane if it does not
meet the plane when produced.

10. The angle between two straight lines which do not
meet is the angle contained by two infersecting straight lines
respectively parallel to the two non-intersecting lines.

Thus if AB and CD are two
straight lines which do not meet,
and ab, be are two intersecting lines
parallel respectively to AB and CD ;
then the angle between AB and CD
is measured by the angle abe.

11. A solid angle is that which is made by three or
more plane angles which have a common vertex, but are
not in the same plane.

A solid angle made by three
plane angles is said to be trihedral;
if made by more than three, it is
said to be polyhedral.

A solid angle is sometimes called
a corner.

12. A solid figure is any portion of space bounded by
one or more surfaces, plane or curved.

These mr&mmuﬂodthnﬂdthemﬂd,mdﬁnhm
sections of adjacent faces are called edges.
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POLYHEDRA.

; 13. A polyhedron is a solid figure bounded by plane
aces.

Nore. A plane rectilineal figure must at least have three sides ;
or four, if two of the sides are parallel. A polyhedron must at least
have four faces; or, if two faces are parallel, it must at least have

Nive faces.

14. A prism is a solid figure bounded by plane faces,
of which two that are opposite are similar and equal

Folygons in parallel planes, and the other faces are paral-
elograms.

15. A parallelepiped is a solid fi
pairs of parallel plane faces, o ey

Fig. 1.

\';\11 Wy % )

| A \' A\ .:‘ll"l\.
Wk Y L LALY hak ik a2}

.II R "". \ ‘q "ﬁ.ﬂ\'\\.“'"\"- "..

AN AN W ‘f'*:x‘g ‘-‘:=..'¢\:a

% k% "I.L"u ""',"'l,. " | \ % 1 1“*‘ H&.- \\'{"ﬂ:\"“"":h

" "". kg

%

A [ %
X \ " L 1 % TRLLY
Lk TN " 1 L i ! LAARAL
'-I'u "'-‘h "ﬁ- '." ..I \ \ I\_H’ 1‘«- I‘{L Il". "ﬁ‘\ I"‘L}* L%y 1
'l.k LY ..I ‘..."ll "i: \ I"‘ A \ % ..1 *\\ 1_"- H ;\H.'l p\""‘l \I _": {L-_ \
v LAY AN .'-"r.".."! 4|h1&“ AR\ "." ) ALY .

"




DEFINITIONS. 415

16. A pyramid is a solid figure bounded by plane
faces, of which one is a polygon, and the rest are triangles
having as bases the sides of the polygon, and as a common
vertex some point not in the plane of the polygon.

. g ey T A

The polygon is called the base of the pyramid.

A piramid having for its base a regular polygon is said to be

ht when the vertex lies in the straight line drawn perpendicular
to the base from its central point (the centre of its inscribed or
circumscribed circle).

17. A tetrahedron is a pyramid
on a triancular base: it 1s thus con-

tained by fowr triangular faces.

18. Polyhedra are classified according to the number
of their faces :

thus a hexahedron has six faces;
an octahedron has eight faces ;
a dodecahedron has fwelve faces.

19. Similar polyhedra are such as have all their solid

angles equal, each to each, and are bounded by the same
number of similar faces.

20. A polyhedron is regular when its faces are similar
mdeqmlrfm?llirpaln:m '

H.S.E.

¥
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91. It will be proved (see page 451) that there can
only be five regular polyhedra.
They are defined as follows :—

(i) A regular tetrahedron 1s
a solid figure bounded by four
plane faces, which are equal a.nd &

equilateral friangles.

(i1) A cube is a solid figure
bounded by siz plane faces, which
are equal squares.

(1) A regular octahedron is a
solid figure bounded by eight plane

faces, which are equal and equilateral
triangles.

(1v) A regular dodecahedron is
a solid figure hounded by fwelve plane
faces, which are equal and regular

pentagons.
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(v) A regular icosahedron is
a solid figure bounded by fwenty
plane faces, which are equal and
equilateral friangles.

SOLIDS OF REVOLUTION.

22a. A sphere is a solid figure described by the revo-
lution of a semicircle about its diameter, which remains

fixed.

The axis of the sphere is the fixed straight line about which the
semicircle revolves.

The centre of the sphere is the same as the centre of the semi-
circle.

A diameter of a sphere is any straight line which passes tmm
the centre, and is terminated both ways by the surface of
sphere.

The following definition of a sphere, analogous to that given for .
a circle (1. Def. 15), may also be noted :

929h. . A sphere is a solid figure contained by one surface,
which is such that all straight lines drawn from a certain
point within it to the surface are equal : this point 1s called
the centre of the sphere. -

AMuofunphmhuMhtﬁodnwnfmntbo-ﬁoh
the surface.
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23. A right cylinder is a solid
figure described by the revolution of
a rectangle about ome of its sides
which remains fixed.

The axis of the cylinder is the fixed straight line about which
the rectangle revolves.

The bases, or ends, of the cylinder are the circular faces described
by the two revolving opposite sides of the rectangle.

24. A right cone is a solid figure
described by the revolution of a right-
angled triangle about one of the sides

containing the right angle which re-
mains fixed.

The axis of the cone is the fixed straight line about which the
triangle revolves,

The base of the cone is the circular face described by that side
which revolves.

The hypotenuse of the right-angled triangle in any one of its
positions is called a generating line of the cone.

25.  Similar cones and cylinders are those which have
their axes and the diameters of their bases proportionals,
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PROPOSITION 1. THEOREM.

One part of a straight line cannot be in a plane and another
part outsude .

If possible, let AB, part of the st. line ABC, be in the
plane PQ, and the part BC outside it.

Then since the st. line AB is in the plane PQ,
it can be produced in that plane. 1. Post. 2.

Produce AB to D ;
and let any other plane which passes through AD be turned

about AD until it passes also through C.

Then because the points B and C are in this plane,
-, the st. line BC is in 1t : 1. Def. T.

.. ABC and ABD are in the same plane and are both
st. lines ; which is impossible. 1. Def. 4.

the st. line ABC has not one part AB in the plane PQ,
and another part BC outside it. Q E.D.

Nore. This proposition scarcely needs proof,
follows immediately from the definitions of a s
plane. |
It should be observed that the method of proof used in this and
the next proposition rests upon the following axiom:

If a plane %Zunlimﬁdmm turns abm'aﬁ‘zadmwht line as
an axis, it can be made to pass through any pownt i Space.

B
|||||



120 EUCLID’S ELEMENTS.

ProroSITION 2. THEOREM.

Any two intersecting straight lines are wn one plane .
and any three straight lines, of which each pawr ntersect one
another, are in one plane.

D

C B

Let the two st. lines AB and CD intersect at E ;
and let the st. line BC be drawn cutting AB and CD at B
and C.

Then (1) AB and CD shall lie wn one plane.
(1) AB, BC, CD shall lie in one plane.

(1) Let any plane pass through AB ;

and let this plane be turned about AB until it passes
through C.

Then, since C and E are points in this plane,
*. the whole st. line CED is in it. 1. Def. 7 and XI. 1.
That is, AB and CD lie in one plane.

(1) And since B and C are points in the plane which
contains AB and CD,

. also the st. line BC lies in this plane. Q.E.D.

COROLLARY.  One, and only one, plane can be made to pass
through two given intersecting straight lines.

Hence the position of a plane is fixed,

(i) if it passes through a given straight line and a given point
outside it ; ol b b 51 x. P-P;i;-

(ii) if it passes through two intersecting straight lines; xr. 2.
(iii) if it passes through three points not collinear ; XL 2.
(Iv) if it passes through two parallel straight lines. 1. Def. 35.
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ProrosiTioN 3. THEOREM.

If two planes cut ome amother, their common sechon 15 a
stravght line.

Let the two planes XA, CY cut one another, and let BD be

their common section.
Then shall BD be a straight line.

For if not, from B to D in the plane XA draw the st. line

BED ; _
and in the plane CY draw the st. line BFD.

Then the st. lines BED, BFD have the same extremities ;
.. they include a space ;
but this is impossible. Az. 10.

. the common section BD cannot he otherwise than a st.
line.

ALTERNATIVE PROOF.

Let the planes XA, CY cut one another, and let B and D be
two points in their common section.

Then because B and D are two points in the plane XA,
. the st. line joining B, D lies in that plane. I Def. 7.
And because B and D are two points in the plane CY,

. the st. line joining B, D lies in that plane.
Hence the st. line BD lies in both planes,
and is therefore their common section.

That is, the common section of the two planes 1s a straight
line. Q.E.D.



422 EUCLID'S ELEMENTS.

ProposiTioN 4. THEOREM. [Alternative Proof.]

If a straight line is perpendicular to each of two straight lines
af their point of intersection, it shall also be perpendicular to the
plane in which they lie.

D

L

Let the straight line AD be perp. to each of the st. line :’.

: : . : nes

AB, AC at A their point of intersection.
Then shall AD be perp. to the plane in which AB and AC lie.
I;Prrzduce DA to F, making AF equal to DA. . 3

w any st. line BC in the plane of AB cu

AB, ACat Band C; . B -

;t(l}d 1:1 Et.ha same plane draw through A any st. line AE to cut
at E.
It is required to prove that AD is - '
_ perp. to AE. XI. Def. 1. X
Join DB, DE, DC; and FB,rII'-"E, FC. ' -

Then in the A* BAD, BAF,

becanse DA = FA, Constr
and the common side AB is perp. to DA, FA; :

TR s

. _.l'._'l.
p—— e S -.:'.I"I
r
e
ey e

5 Similarly CD = CF. : e
ow if the A BFC be turned about its | wlshe
vertex F comes into the plane of the Q Im wﬂ' i

: then F will coincide wma' L e
since the conterminous sides of the triangles are equal. 17
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- Hence in the 2.° DAE, FAE,
since DA, AE, ED = FA, AE, EF respectively,
‘. the L DAE =the . FAE.

That is, DA is perp. to AE.

Similarly it may be shewn that DA is perp. to every
st. line which meets it in the plane of AB, AC ;

.*. DA 18 perp. to this plane. Q.E.D.

PropPOSITION 4. THEOREM. [Eueclid’s Proof.]

If a straight line is perpendicular to each of two straight lines
at their point of intersection, it shall also be perpendicular to the
plane in which they le.

Let the st. line EF be perp. to each of the st. lines
AB, DC at E their point of intersection.

Then shall EF be also perp. to the plame XY, in which AB and
DC lie.
Make EA, EC, EB, ED all equal, and join AD, BC.
Through E in the plane XY draw-any st. line cutting
AD and BC in G and H. :
Take any pt. F in EF; and join FA, FG, FD, FB, FH, FC.
Then in the A* AED, BEC,
because AE, ED = BE, EC respectively,  Constr.
and the ~ AED =the - BEC; 1. 15.
AD = BC, and the . DAE =the » CBE. L 4.
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Wi
In the A® AEG, BEH,
because the . GAE =the . HBE, Proved,
and the . AEG =the . BEH, L i
and EA=EB; Constr.
EG=EH, and AG = BH. 1. 26.

Again in the A* FEA, FEB,
because EA = EB,
and the common side FE is perp. to EA, EB; Hyp.
.". FA=FB. L 4.
Similarly FC = FD,

Again in the A® DAF, CBF,
because DA, AF, FD = CB, BF, FC, respectively,
. the . DAF =the L CBF. I. 8.

And in the A® FAG, FBH,
becanse FA, AG = FB, BH, respectively,
and the - FAG =the . FBH, Proved.
. FG=FH. L 4.

Lastly in the 2* FEG, FEH,
because FE, EG, GF = FE, EH, HF, respectively,
. the . FEG=the . FEH ; L&
that is, FE is perp. to GH.

Similarly it may be shewn that FE is . to every
st. line which meets it in the plane X e '

. FE 18 perp. to this plane. x1. Def. 1.
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ProrosITiION 5 THEOREM.

If a straight line is perpendicular to each of three concurrent
straight lines at theiwr point of intersection, these three straight

lines shall be in one plane.

X

Let the straight line AB be perpendicular to each of

the straight lines BC, BD, BE, at B their point of inter-
section.
Then shall BC, BD, BE be in one plane.

Let XY be the plane which passes through BE, BD; XI. 2.
and, if possible, suppose that BC is not in this plane.

Let AF be the plane which passes through AB, BC;
and let the common section of the two planes XY, AF be the

st. line BF. &

Then since AB is perp. to BE and BD,
.. AB is perp. to the plane containing BE, BD, namely the

plane XY ; XI. 4.
and since BF is in this plane,

.. AB is also perp. to BF. x1. Def. 1.

But AB is perp. to BC: Hyp.

. the .* ABF, ABC, which are 1n the same plane AF, are
both rt. angles ; which is impossible.

. BC is not outside the plane of BD, BE :
that is, BC, BD, BE are in one plane.
Q.E.D.
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PROPOSITION 6. THEOREM.

If two straight lines are perpendicular to the same plane, they
shall be parallel to one another.

i

Let the st. lines AB, CD be perp. to the plane XY.
Then shall AB and CD be par'.*

Let AB and CD meet the plane XY at B and D.
Join BD ;

and in the plane XY draw DE perp. to BD, making DE
equal to AB.

Join BE, AE, AD.

Then since AB is perp. to the plane XY, Hyp.
". AB 1s also perp. to BD and BE, which meet it in that

plane ; X1. Def. 1.
that is, the .* ABD, ABE are rt. angles.

Similarly the .* CDB, CDE are rt. angles.

Now in the A* ABD, EDB,

because AB, BD = ED, DB, respectively,  Constr.
and the . ABD =the . EDB, being rt. angles ;

. AD=EB. I 4.
Again in the A* ABE, EDA.
because AB, BE = ED, DA, respectively,
and AE is common ;

‘. the - ABE =the . EDA. I. 8.
*Nmi;o In ord:;to sh];‘:w that AB and CD are paralle itl:
prove that (i) they are in the same plmle.& the an
ABD, CBB, are supplenfe:ltarg. g ; s
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But the . ABE is a rt. angle ; Proved.
.. the . EDA is a rt. angle.
But the - EDB 18 a rt. angle by construction,
and the - EDC is a rt. angle, since CD is perp. to the

plane XY. Hyp.
Hence ED is perp. to the three lines DA, DB, and DC;
‘. DA, DB, DC are in one plane. X1. b.

But AB is in the plane which contains DA, DB; XI. 2.
.*. AB, BD, DC are in one plane.
And each of the .* ABD, CDB is a rt. angle; Hyp.

. AB and CD are par'. 1. 28.
Q.E.D.

ProrosiTION 7. THEOREM.

If two straight lines are parallel, the straight line which joins
any point in one to any point in the other is in the same plane as
the parallels.

A E B

C " D

Let AB and CD be two par' st. lines, _.
and let E, F be any two points, one i each st. line.

Then shall the st. limwMjoimE,FbehthamPha‘c

AB, CD.
as AB, ForsinceABa?chmpar', . D 35

o they e o oo D i phae,
And since the points E and 1s pla
. the st. line which joins them lies wholly in thnlﬂn

-- b i i
i T
- i .1]| 1‘_ e : ‘,H
[y S L s = » "
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ProPOSITION 8 THEOREM.

If two strarght lines are parallel, and if one of them 1S per-
pendicular to a plane, then the other shall also be perpendicular
to the same plane.

X

Let AB, CD be two par' st. lines, of which AB is perp..
to the plane XY.

Then CD shall also be perp. to the same plane.

Let AB and CD meet the plane XY at the points B, D.
Join BD ;

and in the plane XY draw DE perp. to BD, making DE equal
to AB.

Join BE, AE, AD.
_ Then because AB is perp. to the plane XY,  Hyp.
. AB 1s also perp. to BD and BE, which meet it in that

plane ; . XL Def. 1.
that is, the .* ABD, ABE are rt. angles.

Now in the A® ABD, EDB,
hecause AB, BD = ED, DB, respectively,  Constr.
and the . ABD = the .~ EDB, being rt. angles ;
.*. AD = EB. L 4.
Again in the A* ABE, EDA, '
because AB, BE = ED, DA, respectively,
and AE is common koqo% i
. the . ABE =the . EDA ' L 8.

i e _ M o g e i
o e i g ATt P r..:é",-‘ s
& - o 1R P = I b oAl . = - 7
- : i e -,'E,: § f!._\_r ||_. - -‘| v i "
. o S s S o L S TR Ry,
e Ly L S 4 3 g ol R |
: I. Il-\T-.:. .:.1-:-!‘ 1:‘: '_:i.h'ﬂr!—m -'l:l}'.: b i R T e N MR
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Jut the . ABE is a rt. angle Proved.
". the L EDA is a rt. angle :
that is, ED is perp. to DA.
~ But ED 1s also perp. to DB : Consty.
ED is perp. to the plane containing DB, DA. X1 4.

And DC is in this plane ;
for both DB and DA are in the plane of the par* AB, CD.

XI. 7.
.*. ED 18 also perp. to DC; xL Def. 1.
that is, the . CDE is a rt. angle.
~Again since AB and CD are par, Hyp.
and since the . ABD is a rt. angle,
the . CDB is also a rt. angle. 1. 29.

. CDis perp. both to DB and DE ;
CD is also perp. to the plane XY, which eontains

DB, DE. x1. 4.
QED.

EXERCISES.

1. The perpendicular is the least straight line that can be drawn
from an external point to a plane.

g Equal atra.eight lines drawn from an external

are equally inclin
the ;‘Lne.

i o : -
3. Shew that two observations with a level are sufficient
to determine if a plane is horizontal: and prove that for this purpose
the two positions of the level must not be parallel.

' & LWhatiathelocmdpo'mhhmmvhﬂmq“
from two fixed points?
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PROPOSITION 9. THEOREM.

Two straight lines which are parallel to a third straight line
are parallel to one another.

A H B
!
P G Q
o l D
K

Let the st. lines AB, CD be each par' to the st. line PQ.

Then shall AB be par* to CD.
Case 1. If AB, CD and PQ are in one plane, the proposition
has already been proved.

I. 30,
Casg II. But if AB, CD and PQ are not in
in PQ take any point G :
the plane of the par® AB, PQ, draw GH

L4
plane of the par* cp, PQ, draw GK

R

Then because PQ is perp. to GH and GK, Constr.
'+ PQ1s perp. to the plane HGK, which contains them.

one plane,

and from G, in
perp. to PQ ;

also from G, in the
perp. to PQ.

But AB is par' to PQ : Hyp.
- AB 18 also perp. to the plane HGK. XI. 8.
Similarly, CD is perp. to the plane HGK.

Hence AB and CD, bei . to the same plane, a '
to one another. . R s 5

XL 6.
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ProrosSITION 10. THEOREM.

If two intersecting straight lines are respectively parallel to
two other intersecting straight lines mot in the same plane with
them, then the first pair and the second pair shall contain equal
angles.

B

- i

Sy

i
bl

# B

i |_ %

L
-t

- lhg ¢
T

Let the st. lines AB, BC be respectively _ .

lines DE, EF, which are not in the same N
Then shall the .. ABC = the .. DEF. 1

" and in BC and EF, make BC equal to EF.
Join AD, BE, CF, AC, DF. LR
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ProrosiTioN 11. PROBLEM.

To draw a straight line perpendicular to a given plane from
« given point oulsude it.

A

.

X

Let A be the given point outside the plane XY.
1t is required to draw from A a st. line perp. to the plane XY,
Draw any st. line BC in the plane XY ;

and from A draw AD perp. to BC. L 12

Then if AD is also perp. to the plane XY, what was
required is done.

But if not, from D draw DE in the plane XY pern.
o & y L1l

and from A draw AF perp. to DE. I. lﬂ:
Then AF shall be perp. to the plane XY. B
Through F draw FH par' to BC. 1 8L o
No?v' because CD is perp. to DA and DE, Constr.
.. CD is perp. to the plane containing DA, DE. XI 4,
* And HF ismr‘ OOR: - ek
+» HF 15 also perp. to the plane itaining
And since FA meets HF in this plane, S
. the - HFAis a1t. angle;  x1. Def. 1.
Fisperpto B, . .0 ¢ 20

-
=5
__-_
- {8%
vl

e
T ER N
: o e
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PROPOSITION 12. PROBLEM.

To draw a straight line perpendicular to a given plane from
a gwen point in the plane.

D B

X

Let A be the given point in the plane XY.
It is required to draw from A a st. line perp. to the plane XY.

From any point B outside the plane XY draw BC perp.

to the plane. XL 11
Then if BC passes through A, what was required is

done.
But if not, from A draw AD par' to BC. L. 31

Then AD shall be the perpendicular required.
For since BC is perp. to the plane XY,  Constr.

and since AD is par' to BC, Constr.
‘. AD is also perp. to the plane XY. XI. 8.
Q.E.F.
EXERCISES.
¥ ual straight lines drawn to meet a plane from a point
withougg are r:ﬂly inclined to the plane.

2. Find the locus of the foot of the
iven point upon any plane which passes

e.
BnlmAlmmrAdenwnhlh

3. Froma
XY ; and from pwpandlonhrtoac.u,lh-

thntphne lhawMADhlbmndlmhrh
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ProposiTION 13. THEOREM.

Only one perpendicular can be drawn to a given plane from
a given point either in the plane or outsiude il.

Case I Let the given point A be in the given plane XY ;
and, if possible, let two perps. AB, AC be drawn
the plane XY.

Let DF be the plane which contains AB and AC;

let the st. line DE be the common section of the planes DF

and XY. XL 3

Then the st. lines AB, AC, AE are in one plane.

And because BA is perp. to the plane XY,  Hyp.

.. BAis also perp. to AE, which meets it in this plane ;
X1. Def. 1.

that is, the . BAE is a rt. angle.
Similarly, the . CAE is a rt. angle.
. the .* BAE, CAE, which are in the same plane, are
to one another ; which is impossible.
. two perpendiculars cannot be
XY from the point A in that plane.

-
""""

from A to

i iy . .
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; £
- - 'y
Y v
- ] a
- y Mo Foh
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i - ek -
5 § i - -
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; ar - =t 3 h I
3 i : .
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ProroSITION 14. THEOREM.

Planes to which the same straight line s mendmhr are
parallel to one another.

a8

Let the st. line AB be perp. toeachofthephmop'g_ e

Then shall the planes CD, EF be par'.
Forifnot,thoymllmeetwhonpmdud '
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ProrosiTioN 15. THEOREM.

If two intersecting straight lines are parallel respectively to
two other intersecting straight lines which are not in the same
plane with them, then the plane contarming the first pair shall be
parallel to the plane containing the second parr.

E

Let the st. lines AB, BC be respectively par' to the

st. lines DE, EF, which are not in the same plane as
AB, BC.

Then shall the plane containing AB, BC be par* to the plane
containing DE, EF.

From B draw BG perp. to the plane of DE, EF; xr 11.
and let it meet that plane at G.

Through G draw GH, GK par’ respectively to DE, EF. I 31.

Then because BG is perp. to the plane of DE, EF,
- BG 1s also perp. to GH and GK, which meet it in that
plane : : XI. Def. 1.
that is, each of the .* BGH, BGK is a rt. angle.

- -

Now by hypothesis BA is par' to ED, :

. . K
and by construction GH is par' to ED; i

- : - L

.. BA 1s par' to GH. |
. - : = bl Al o - o
And since the . BGH ig a rt. le ; S
.. the L ABG is a rt. angle. & T
. . i, " : e i Wiy T2
L SR el s-,!jl;‘i.ﬁ !
S o Al R

o NS P IS S ORI

ge = e s i L]
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Then since BG is perp. to each of the st. lines BA, BC,
. BG is perp. to the plane containing them. XL 4.
But BG is also perp. to the plane of ED, EF ; Constr.
that is, BG is perp. to the two planes AC, DF ;

. these planes are par'. XI1. 14.
Q.E.D.

PrerosiTioN 16, THEOREM.

If two parallel planes are cut by a third plane, their common
sections with it shall be parallel.

AB, CD be cut by the plane EFHG,

Let the par' planes :
GH be their common sections

and let the st. lines EF,

with it.
Then shall EF, GH be par'.

" For if not, EF and GH will meet if produced.

If possible, let them meet at K.

Then since the whole st. line EFK 1s in the plane AB, XI. 1.

and K is a point in that line,
.. the point K is in the plane AB.
Similarly the point K is in the plane CD.
Hence the planes AB, CD when produced meet at K;
which is impossible, since they are par’. Huyp.
. the st. lines EF and GH do not meet ;

".nd they are in the same plane EFHG;
. .. they are par'. I. ﬂnm
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PROPOSITION 17. THEOREM.

Strasght lines which are cut by parallel planes are cut Pro-
portionally.

Let the st. lines AB, CD be cut by the th lanes
GH, KL, MN at the points A, E, B, an{i C,eF, ;'ee gl
Then shall AE : EB :: CF : FD.

Join AC, BD, AD ;

and let AD meet the plane KL at the point X :
join EX, XF.

- the common sections EX, BD are par. xr 16.
A Sovsans e ey par' planes GH, KL arlenzut by the
' the common sections XF, AC are par. XL 16. ' :
Now sinco EX is par' ta BD, a sido of the & ABD,

_ . AR :EB I R T s
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ProrosiTION 18, 'THEOREM.

If a straight line is perpendicular to @ plane, then every

plane which passes thro ugh the straight line is also perpendicular
to the qiven plane.

¥ o A

X

Let the st. line AB be perp. to the plane XY ;
and let DE be any plane passing through AB.

Then shall the plane DE be perp. to the plane XY.
Let the st. line CE be the common section of the planes

XY, DE. XL 3.
From F, any point in CE, draw FG in the plane DE
perp. to CE. L 1l
Then because AB is perp. to the plane XY, Hyp.
.. AB is also perp. to CE, which meets it in that plane,

x1. Def. 1.

that is, the ~ ABF 1s a rt. angle.
But the ~ GFB is also a rt. angle ; Constr.
. GF is par' to AB. 1. 28.
And AB is perp. to the plane XY, Hgg.
.. GF is also perp. to the plane XY. XI. 8.

Hence it has been
the plane DE perp. to the common section

to the plane XY.
.. the plane DE is perp. to the plane
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PROPOSITION 19. THEOREM.

If two indersecting planes are each pmpendicul‘ar to a third
plane, their common section shall also be perpendicular to that

plane.

A C

Let each of the planes AB, BC he perp. to the plane
ADC, and let BD be their common section. Rt
Then shall BD be perp. to the plane ADC. S

For if not, from D draw in the plane AB the st. line DE
perp. to AD, the common section of the planes ADB, ADC 11
i Ar ¢ - b -

and from D draw in the plane BC the st. line DF perp, . S8

to DC, the common section of the planes BDC, ADC. .
Then because the plane BA is perp. e

and DE is drawn in the ula .
- 18 qrawn mn the plane BA perp. to AD the common
section of these planes, P PR
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ProrosiTiON 20. THEOREM.

Of the three plane angles which form a trihedral anqgle, any
two are together greater than the third.

D

Lt Ny

B E €

Let the trihedral angle at A be formed by the three

plane * BAD, DAC, BAC.
Then shall any two of them, euch as the .* BAD, DAC, be together
greater than the third, the . BAC.

Casg 1. If the  BAC is less than, or
of the »* BAD, DAC ;
it is evident that the —
the . BAC.

Case I1.  But if the -
,* BAD, DAC ;
then at the point A in the plane BAC make the . BAE equal

to the . BAD ; '
and cut off AE equal to AD.
w the st. line BEC

Through E, and in the plane BAC, dra
cutting AB, AC at B and C:

equal to, either

» BAD, DAC are together greater than

join DB, DC.
Then in the A* BAD, BAE,
since BA, AD = BA, AE, respectively, Constr.
and the . BAD=the - BAE ; Conslr.
.. BD=BE. 1. 4.
Again 1n the A BDC, since BD, DC are together W;’
| I

than BC
, l?d BD = BE!
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D

B E=

And in the A*® DAC, EAC,
because DA, AC = EA, AC respectively, Constr.
but DC is greater than EC ; Proved.
. the . DAC is greater than the - EAC. 1. 25. .
But the ~ BAD = the ~ BAE - Constr.
. the two .* BAD, DAC are together greater than the

PROPOSITION 21." THEOREM.

Every (convez) solid angle is formed by plame angles which
are together less than four right angles. by plame angles
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For let a plane XY intersect all the arms of the plane
angles on the same side of the vertex at the points A, B, G,
D, E: and let AB, BC, CD, DE, EA be the common sections
of the plane XY with the planes of the several angles.

Within the polygon ABCDE take any point O;
and join O 1O each of the vertices of the polygon.

Then since the L' SAE, SAB, EAB form the trihedral
angle A,
.. the .* SAE, SAB are together greater than the . EAB;

' x1. 20.

that 18,

the .* SAE, SAB are together greater than the .* OAE, OAB.
Similarly,

the »* SBA, SBC are together greater than the .* OBA, OBC:
and so on, for each of the angular points of the polygon.
Thus by addition,
the sum of the base ap les of the triangles whose vertices
are at S, is greater than the sum of the base angles of
the triangles whose yvertices are at O.

But these two systems of triangles are equal n number ;
. the sum of all the angles of the oné system 18 equal to
the sum of all the angles of the other.

It follows that the sum of the vertical angles
than the sum of the vertical angles at O.

But the sum of the an gles at O 18 four
. the sum of the angles at S 18

polygon
this con
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EXERCISES ON Book X1

. Kqual straight lines drawn to a plane from
it have equal projections on that plane.

2. If 8 is the centre of the circle circumseribed about the triangle

ABC, and if SP is drawn %erpendicular to the plane of the triangle,
shew that any point in SP

a point without

18 equidistant from the vertices of the
triangle.
3. Find the locus of points in space equidistant from three given
points.

4 From Example 2 deduce a practical method of drawin a
perpendicular from a given point to a plane, having Fer,

: given ru
spm » and a straight rod longer than the required perpen.
icular.
. Give a geometrical constr

uction for drawing a straight line

equally inclined to three straight lines which meet in a point, but
are not in the same plane,

6. In a gauche quadrilateral (that is, a quadrilatera] whose sides
4T€ not in the same plane) if the middle points of adjacent sides are
Jomed, the figure thus formed 18 a parallelogram.

9. If a straight line.is allel to
passing thougr:lghe ' ey Poded .

| ven straight line will intersect the given plane
i a line of section which is parallel to the given line. it

10. Two intersecting plan |
parallel straight Tt g planes Em one through each of
18 parallel to the given lin
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15. From a point A two perpendiculars AP, AQ are drawn one
to each of two intersecting planes: shew that the common section of
these planes is perpendicular to the plane of AP, AQ.

16. From A, a point in one of two given intersecting planes,
AP is drawn perpendicular to the first pla.i'u':., and AQ perpendicular
to the second : if these perpendiculars meet the second plane at P
and @, shew that PQ is perpendicular to the common section of the

two planes.
17. A, B, C, D are four points not in one plane, shew that the

four angles of the gauche nadrilateral ABCD [see Ex. 6, p. 444] are
together less than four right angles.

18. OA, OB, OC are three straight lines drawn from a given
point O not in the same plane, and OX is another straight line
within the solid angle formed by OA, OB, OC: shew that

(i) the sum of the angées AOX, BOX, COX is greater than
half the sum of the angles AOB, BOC, COA.

(ii) the sum of the angles AOX, COX is less than the sum of
the angles AOB, COB. |

(iii) the sum of the angles AOX, BOX, COX is less than the
sum of the angles AOB, BOC, COA.

19. OA, OB, OC are three straight lines forming a solid angle
at O. and OX bisects the plane angle AOB ; shew that the angle
XOC is less than half the sum of the angles AOC, BOC.

20, If a point is equidistant from the angles of a right-angled

triangle and not in the plane of the triangle, the line joining it with
the middle point of the hypotenuse is perpendicular to the plane of
the triangle. |

21. The angle which a straight line makes with its projection on
o plane is less than that which it makes with any other straight line
wl‘:ich meets it in that plane.

29, Find a point in a given plane such that the sum of its
distances from two given points (not in the plane but on the same
side of it) may be a minimum.

99  If two straight lines in one plane are equally inclined to
another plane, they will be equally inclined to the common section
of these planes.” -

05. PA. PB, PC are three concurrent straight
which is at right angles to the other two, and
dicular PO is drawn to the e of ABC:
orthocentre of the triangle A |
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THEOREMS AND EXAMPLES ON BOOK XL

DEFINITIONS.

(i) Lines which are drawn on a plane, or through
which a plane may be made to pass, are said to be co-planar,

(i) The projection of a line on a plane is the locus
of the feet of perpendiculars drawn from all points in the
given line to the plane.

Turorem 1. The projection of a straight line on a plane is itself

X

Let AB be the given st. line, and XY the m pl
From P, any point in AB, draw Pp perp. to the
It s required to shew that the locus of p i lﬂ-" R s
crom Asnd B drew Aa, B5 perp. to the SESSINE e &y
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TaroreM 2. Draw a perpendicular to each of two straight lines
which are not in the same plane. Prove that this perpendicular 15 the

shortest distance between the two lines.

D

1‘ Y

/
P ‘u‘ F
c
Q

A B

X
Let AB and CD be the two straight lines, not in the same plane.

(i) It is required to draw a st. line perp. to each of them.
Through E, any point in AB, draw EF par' to CD.
Let XY be the plane which passes through AB, EF.

From H, any point in CD, draw HK peEJF to the plane XY. xr 1L

And through K, draw KQ par! to EF, cutting AB at Q.
Then KQ is also par' to CD ; x1. 9.
and CD, HK, KQ are in one plane. | gy A

From @, draw QP par' to HK to meet CD at P.
Then shall PQ be perp. to both AB and CD.

For, since HK is perp. to the plane XY, and PQ is par' to gl(. -
- XI. 8.

II'Elmm. x1. Def. 1.

(ii) [t is required to shew that PQ is the least of all st. lines
drawn from AB to CD.
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DeriNiTION. A parallelepiped is a solid figure bounded
by three pairs of parallel plane faces.

TuroreM 3. (i) The facesof a parallelepiped are parallelograms,
of which those which are opposite are identically equal.

(ii) The four diagonals of a parallelepiped are concurrent and
bisect one another.

Let ABA'B’ be a par*, of which ABCD, C’'D’A’B’ are opposite

faces.

(i) Then all the aces shall be par™, and the opposite faces shall
be wdentically equal.
For since the planes DA’, AD’ are par!, x1. Def. 15.
and the plane DB meets them,
. the common sections AB and DC are par'. x1. 16.
Similarly AD and BC are par'.
. the fig. ABCD is a par™,

and AB=DC; also AD=BC. L84
Similarly each of the faces of the par® is a par™; &
s0 that the edges AB, C'D’, B’A’, DC are equal and par':
CAP I;IB'? are the edges AD, C'B’, D'A’, BC; lﬁ likewise AC’, BD,
Then in the opp. faces ABCD, C'D’A’B’ ;
 we have AB=C'D’ and BC=D'A’; _ Proved.
and since AB, BC are res vely par mé-’ﬂ'. B ey
. the L ABC=the L C'D'A’; | XL

. the par® ABCD = the par® C'D’A’B’ identically. Ex. 11, p.
(i) The diagonals AN, BB', CC, DD’ shall be concurrent and

bisect one another,

g T,

r.:*rl'._\--.‘_:.
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Then since AC’ is equal and par' to A'C,
~. the fig. ACA’'C’ is a par™ ;
. its diagonals AA’, CC’ bisect one another. Ex. 5, p. 70.
That is, AA’ passes through O, the middle point of CC".

Similarly if BC’ and B'C were joined, the fig. BCB’C’ would be a

pﬂrlll ;
. the diagonals BB’, CC’ bisect one another.
That is, BB’ also passes through O the middle point of CC".

Similarly it may be shewn that DD’ passes through, and is
bisected at, O. Q.E.D.

TueoreM 4.  The straight lines which join the vertices of a tetra-
hedron to the centroids of the opposite faces are concurrent.

A

C X D

Let ABCD be a tetrahedron, and let gl, é,, s 94 be the centroids
of the faces opposite respectively to A, B, U, .

Then shall Ag,, Bgs, Cgs Dgy be concurrent.

Take X the middle point of the edge CD ;

then ¢: and g, must lie respectively in X and AX,
5 " “so that BX=3. Xg,, Ex. 4, p. 113.

and AX=3. Xx -
S 19 18 wj to b. .
And Ag,, Bg, must intersect one another, since they are both in

the plane of the & AXB:
let them intersect at the point G.
Then by similar A%, AG : Gm::’ﬂ‘ : %:
=8 ¢l
. Bg, cuts Ag, at a point G whose distance from ¢, =%. A
Similarly it may be shewn that Cg, and Dg, cut Ag, at the same
Tt - these lines are concurrent. Q.ED.
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Taroresm 5. (i) If a pyramid is cut by planes drawn parallel to
its base, the sections are sumlar to the base.
(ii) The areas of such sections are in the duplicate ratio of thewr
perpendicular distances from the vertex.

Let SABCD be a pyramid, and abed the section formed by a
plane drawn par! to the base ABCD.
(i) Then the figs. ABCD, abcd shall be ssmilar.

Because the planes abed, ABCD are par’,

and the plane ABba meets them, ¢
. the common sections ab, AB are parl,

Similarly be is par! to BC; ¢d to CD ; and da to DA,
And since ab, be are respectively par! to AB, BC, ol
- the L abc=the L ABC. x1. 10. |

Similarly the remaining angles of the fig. abcd are equal to the
corresponding angles of the fig. ABCD.
And since the A*®* Sab, SAB are similar,
. ab: AB=Sb : SB .
= be : BC, for the /A*® Sbe, SBC are similar.
OI‘, t'lb . bc=AB 5 BC. -
In like manner, bc:ed=BC: CD; and so on.
‘. the ﬁga. abed, ABCD are et}uia.ngular to one another, and
ng

have their sides about the eqnal angles proportional ;
.. they are similar.

(ii) From S draw SzX . to the slanes abed, ABCD
and meeting them at x and X. i it T8

Then shall fig. abed : fig. ABCD =8x*? : 8X2
Join az, AX.
Then it is clear that the /\®* Saxz, SAX are similar.
And the fig. abed : fig. ABCD=ab? : AB? vi20.
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DEFINITION. A polyhedron is reqular when 1its faces are
similar and equal regular polygons.

TaroreEM 6. There cannot be more than five regular polyhedra.

This is proved by examining the number of ways in which 1t 18
pessible to form a solid angle out of the plane angles of various
regular polygons ; bearing in mind that three plane angles at least
are required to form a solid angle, and the sum the plane angles
forming a solid angle is less than four right angles. x1. 21.

Sugoae the faces of the regular polyhedron to be equilateral
tria
Then since each angle of an equilateral triangle is # of a right

angle, it follows that a solid angle may be formed (i) by three, (ii) by
four, or (iii) by five such faces; for the sums of the plane angles

would be respectively (i) two right angles, (i1) 3 of a right angle,
(iii) 25> of a right angle ;
that is, in all three cases the sum of the plane angles would be less

than four right angles.
But it is impossible to form a solid angle of six or more equi-

lateral triangles, for then the sum of the plane angles would be
equal to, or greater than four right angles.

Again, suppose that the faces of the polyhedron are squares.

(iv) Then it is clear that a solid angle could be formed of
three, but not more than three, of such faces.

Lastly, suppose the faces are reqular pentagons.

(v) Then, since each angle of a regular pentagon is % of a
right angle, it follows that a solid angle may be form of three such
faces ; but the sum of more than three angles of a regular pentagon

is greater than four right angles. 2
Further, since each angle of a regular hexagon is equal to of a

right angle, it follows that no solid angle could be formed o such

faces ; for the sum of three angles of a hexagon 18 equal to four right

of more sides than six.
Thus there can be no more than five regular polyhedra.
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NoTE ON THE REGULAR POLYHEDRA.,

(i) The polyhedron of which each solid angle is formed by
three equilateral triangles is called a regular tetrahedron.

It has four faces,
Jfour vertices,
six edges.

(11) The polyhedron of which each solid angle is formed by
Jour equilateral triangles is called a regular octahedron.

It has eight faces, six vertices, twelve edges.

(iii) The polyhedron of which each solid angle is formed by
five equilateral triangles is called a regular icosahedron.

e
il LT
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led a cube.

1

olyhedron of which each solid angle

NOTE ON THE REGULAR POLYHEDRA.
formed by three squares 18 ca

eight vertices,
twelve edges.

(iv) The regular p

It has six faces,
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Taeorem 7. If F denote the number of faces, E of edges, and V
of vertices in any polyhedron, then will

E+2=F + V.

Suppose the polyhedren to be formed by fitting together the faces
in succession : suppose also that E, denotes the number of edges, and
V, of vertices, when r faces have been placed in position, and that
the polyhedron has n faces when complete.

Now when one face is taken there are as many vertices as edges,
that is, E,=V,.

The second face on being adjusted has fwo vertices and one edge
in common with the first ; therefore by adding the second face we
increase the number of edges by one more than the number of
vertices ; LY. e %

Again, the third face on adjustment has three vertices and two
edges in common with the former two faces; therefore on adding the

third face we once more increase the number of edges by one more
than the number of vertices ;

Ee — V=5
Similarly, when all the faces but one have been placed in position,
Eﬂ_l o V",_l =n-2.
But in fitting on the last face we add no new edges nor vertices ;
- R e v=¥Y__. and F =n,
So that E-V=F -2,
or, E+2=F+V.
This is known as Euler’'s Theorem.

MISCELLANEOUS EXAMPLES ON SOLID (GEOMETRY.

1. The projections of parallel straight lines on any plane are
parallel.

2. If ab and ed are the projections of two parallel straight lines
AB, CD on any plane, shew that AB - CD=ab Paed.

. 3. Draw two parallel planes one through each straigh
lines which do not intetsactpa.nd are not parfllol. s t

4. If two straight lines do not intersect and are not parallel, on
what planes will their projections be parallel ?
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6. Three points A, B, C are taken one on each of the conter-

minous edges of a cube : prove that the angles of the triangle ABC
are all acute,

7. If a parallelepiped is cut by a plane which intersects two
pairs of opposite faces, the common sections form a parallelogram.

8. The square on the diagonal of a rectangular parallelepiped is

equal to the sum of the squares on the three edges conterminous
with the diagonal.

9. The square on the diagonal of a cube is three times the square
on one of its edges.

10. The sum of the squares on the four diagonals of a parallele-
piped is equal to the sum of the squares on the twelve edges.

11. If a perpendicular is drawn from a vertex of a regular
tetrahedron on its base, shew that the foot of the perpendicular will
divide each median of the base in the ratio 2 : 1.

12. Prove that the perpendicular from the vertex of a regular
tetrahedron upon the opposite face is three times that dropped from
its foot upon any of the other faces.

13. If AP is the perpendicular drawn from the vertex of a regular
tetrahedron upon the opposite face, shew that

3AP2=2a°,
where a is the length of an edge of the tetrahedron.

14. The straight lines which join the middle points of opposite
edges of a tetrahedron are concurrent.

15. If a tetrahedron is cut by any plane parallel to two opposite
edges, the section will be a parallelogram.

16. Prove that the shortest distance between two oiponit.e edges
of a regular tetrahedron is one half of the diagonal of the square on

an edge.

17. In a tetrahedron if two pairs of opposite edges are at right
angles, then the third pair will a.lao be at right angles.

18. 1In a tetrahedron whose opposite edges are at right in
fu.in, the four perpendiculars drawn from the vertices to the oppoeite
aces

and the three shortest distances between opposite edges are
concurrent.

19. In a tetrahedron whose owedm- are at right angles,
the sum of the squares on each pair of hodg.uttizem
20. The sum of the sq

four times the sum of the
middle points of opposite
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21. In any tetrahedron the plane which bisects a dihedral angle
divides the opposite edge into segments which are proportional to
the areas of the faces meeting at that edge.

22, If the angles at one vertex of a tetrahedron are all right
angles, and the opposite face is equilateral, shew that the sum of the

perpendiculars dropped from any point in this face upon the other
three faces is constant.

23. Shew that the polygons formed by cutting a prism by parallel
planes are equal.

24, Three straight lines in space OA, OB, OC, are mutually at
right les, and their lengths are a, b, ¢: express the area of the
triangle ABC in its simplest form.

25. Find the diagonal of a regular octahedron in terms of one of
its edges. |
26. Shew how to cut a cube by a plane so that the lines of
section may form a regular hexagon.
27. Shew that every section of a sphere by a plane is a circle.

28. Find in terms of the length of an edge the radius of a sphere
inscribed in a regular tetrahedron.

~ 29. Find the locus of points in a given plane at which a straight
line of fixed length and position subtends a right angle.

30. A fixed point O is joined to any point P in a given plane
which does not contain O ; on OP a point @ is taken such that the
rectangle OP, OQ is constant : shew that @ lies on a fixed sphere.
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WORKS BY H. S. HALL, M.A., AND 8. R. KNIGHT, B.A.

ELEMENTARY ALGEBRA FOR SCHOOLS. Seventh
Edition, Revised and Enlarged. Globe 8vo. (bound in
maroon-coloured cloth). 3s.6d. With Answers (bound in

green-coloured cloth). 4s. 6d.

,—*“This is, in our opinion, the best Elementary Algebra for school use.
It q;*tigiimhinm work of twg teachers who have had considerable experience
of actual school teaching . . . and so successfully grapples with difficulties which
our present text-books in use, from their authors lacking such experience, ignore
or n&hﬂy touch upon. . . . Weconfidently recommend it to mathematical teachers,
who, we feel sure, will find it the best book of its kind for teaching purposes.

SOLUTIONS OF THE EXAMPLES IN ELEMENTARY
ALGEBRA FOR SCHOOLS. Crown 8vo. 8s. 6d.

HIGHER ALGEBRA. A Sequel to Elementary Algebra for
Schools. Fifth Edition, Revised and Enlarged. Crown 8vo.
7s. 6d.

ATHENEUM.—" The Elementary Algebra, by the same authors, is a work of
such exceptional merit that those acquainted with it will form high expectations
of the sequel to it now issued. Nor will they be disappointed. Of the authors'
Higher Algebra as of their Blementary Algebra, we unhesitatingly assert that it is

by far the best work of its kind with which we are acquainted. It supplies a
want much felt by teachers.”

SOLUTIONS OF THE EXAMPLES IN HIGHER AL-
GEBRA. Crown 8vo. 10s. 6d.

ALGEBRA FOR BEGINNERS. Globe 8vo. Without Answers.
2s. With Answers. 2s. 6d.

SCHOOLMASTER. —*'To teachers who have had experience of either the
Elementary or the Higher ﬁebm it will only be necessary to say that this book
is marked by the same qualities which have brought these works into such
deserved repute. To those who are still in ignorance of these books, we can say.
that for clear, simple, and concise explanation, convenient order of subject- ,
matter and copious and well-graduated exercises, these books have, to say
the least, no superiors.” -3

ABERDEEN FREE PRESS.—* To give the learner a sufficient knowledge of the '
ordinary algebraical processes without resenting him with too many of their
difficulties requires a thorough know e of what is necessary for a beginner,

and of what be omitted until a more advanced stage. A v t exam
lnation of the kuhownthatthamthonpmthhqu:lﬁmﬂnmm

eminent degree. . . . The definitions and ex tions of symbols are full and

simple. . . . An important feature of the wor hthegrmtnumharut blems
given to show the practical applications of the science. i

ALGEBRAICAL EXAMPLES Supplementary to Hall a

Kuight's Algebra for Beginners and Elementary

and
(Chaps. L.-XXVI By H. 8. M.A. m
without Answers, ()ilobeyﬁvo. 9s. . |
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WORKS BY H. 8. HALL, MA, AND 8. R. KNIGHT, B.A.

ALGEBRAICAL EXERCISES AND EXAMINATION
PAPERS. With or Without Answers. Third Edition,

Revised and Enlarged. Globe 8vo. 2a. 6d.

JRISH TEACHERS JOURNAL.—'" We know of no better work to place in the
hands of junior teachers, monitors, and senior pupils. Any person who works
carefully and steadily through this book could not possibly fail in an examination
of Elementary Algebra. . . . We congratulate the authors on the skill dis-

played in the selections of examples.”

SCHOOLMASTER.—'* We can strongly recommend the volume to teachers
seeking a well-arranged series of teste in Algebra.”

ARITHMETICAL EXERCISES AND EXAMINATION
PAPERS. With or Without Answers. Third Edition,

Revised and Enlarged. Globe 8vo. 2s. 6d.

PREFACE.

Ix this book we have followed the same plan as in our Algebraical
Exercises and Examination Papers: the contents comprise eighty
Erogreasive niscellaneous Exercises, followed by & collection of
apers set at recent Examinations, and an Appendix containing
miscellaneous examples in Logarithms and Mensuration.

The EXERCISES are arranged as follows:

Part 1. includes Decimals, Practice, Simple Proportion, and Simple
Interest: Part II. takes in Compound Proportion, Percentages,
Averages, and Proportional Parts; in Part I1L, Square Root, Areas,
and Volumes are introduced ; Part IV. includes Discount and Com-

und Interest; Part V., Profit and Loss and Stocks; Part VL,

abe Root and Duodecimals.

CAMBRIDGE REVIEW.—** All the mathematical
nuine worth, and these exercises are no exception to

ven to the public is of
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ELEMENTARY TRIGONOMETRY. Globe 8vo. 4s. 6d.
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WORK BY H. S. HALL, M.A,, AND R. J. WOOD, B A.

ALGEBRA FOR ELEMENTARY SCHOOLS. Globe 8vo.
Parts 1., IL., and IlII. 6d. each. Cloth, 8d, each. Answers,

4d. each,

HEAD TEACHER.—" Any boy working conscientiously through this book will
have laid a solid foundation for more advanced effort."”

TEACHERS AID.—''The aim of the authors is to provide an easy and well-
graduated course of Algebra suited to the requirements and ca ity of those who
take it as a specific subject in elementary schools. The general plan and arrange-
ment of Hall & Knight's well-known elementary text-book have been closely
followed with such changes as the special needs of elementary pupils demand, It
Is needless to say that the book in every way is a creditable production.”

MADRAS EDUCATIONAL NEWS.—*“The examples are many and well chosen.

« Itis well calculated to serve the purpose for which it is intended."

WORKS BY F. H. STEVENS, M.A.

MENSURATION FOR BEGINNERS. With the Rudiments
of Geometrical Drawing. Crown 8vo, 1s. 8.

THE EDUCATIONAL TIMES (March, 1897).—“A considerable amount of
ground is covered, and the whole is written with rare judgment and clearness.

We should judge that it would be ractically impossible to produce a book better
adapted to its purpose.” . v .

THE GUARDIAN (January 13th, 1897).—*“The little book is really excellent.
Mr. Stevens seems to us to have chosen just the elements that are of use in

ven

UNIVERSITY CORRESPONDENT.—* The main book seems to us to be admir-
:rh;ya gttgnl ;ﬂd g0t up in attractive form, with just such differences of type as
elp,

understand meaning of th
éxamples are excellent. This is by far the best .
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WORKS ON GEOGRAPHY

ELEMENTARY GEOGRAPHY OF INDIA, BURMA, AND

CEYll_ON. By Iexry F. Branrorp, F.R.S. Globe 8vo.
1S. Od.

A GEOGRAPHICAL READER AND COMPANION TO THE

ATLAS. By C. B. CLARKE, late Fellow of Queen’s College,
Cambridge. Cr. 8vo. 2s.

A GEOGRAPHIC READER. By C. B. CLARKE, late Fellow
of Queen’s College, Cambridge. With maps. Globe 8vo. 2s. 6d.

READER IN GENERAL GEOGRAPHY. By C. B. CLARKE,
lsa.te ;‘ellow of Queen’s College, Cambridge. Globe 8vo.
ewed. Is.

A CLASS-BOOK OF GEOGRAPHY. By C. B. CLARKE, late

Fellow of Queen’s College, Cambridge. With eighteen coloured
maps. Fcap. 8vo. 2s. 6d. Sewed, 2s. Without Maps, Is. 6d.

ELEMENTARY GEOGRAPHY OF THE BRITISH COLONIES.
By GEORGE M. Dawson, LL.D., F.R.S., Assistant Director,
Geological Survey of Canada, and A. SUTHERLAND, M.A.,
Carlton College, Melbourne. Globe 8vo. 2s.

MAPS AND MAP DRAWING. By WirLiam A. ELDERTON.

Pott 8vo. 1s.

THE TEACHING OF GEOGRAPHY. A Practical Handbook

for the use of Teachers. By Sir ARCHIBALD Geikig, F.R.S,,
D.CL Dilie, TNy Director-General of the Geological
Survey of Great Britain and Ireland. Globe 8vo. 2s.

GEOGRAPHY OF THE BRITISH ISLES. By Sir ARCHIBALD
GerIKIE, F.R.S., D.C.L., D.5Sc., LL.D.. Director-General of the

Geological Survey of Great Britain and Ireland. Pott 8vo. IS

COMMERCIAL GEOGRAPHY. By E. C. K. GoNNER, M A,

Brunner Professor of Economic Science at University College,
Liverpool. Globe 8vo. 3s.

A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By

JoHN RICHARD GRrREEN, M.A., LL.D., and ALICE STOPFORD
GREEN. With maps. Fcap. 8vo. 3s. 6d.

A PRIMER OF GEOGRAPHY. By Sir GEORGE GROVE, D.CL.
Maps. Pott 8vo. Is.

LONDON: MACMILLAN & CO, LTD.




WORKS ON GEOGRAPHY

GEOGRAPHY OF AFRICA. By Epwarp Hriwoop, M.A.
Globe 8vo. 2s. 6d.

MAN AND HIS MARKETS. A Course in Geography. By

LioNeL W. LYDE, M.A., Examiner in Geography to the College
of Preeceptors. Illustrated. Cr. 8vo. 2s.

MACMILLAN’S GEOGRAPHY READERS. Globe 8vo. Book I.

1od. Book II. 1s. Book III. 1s. 4d. Book IV. 1s. 4d.
Book V. 1s.6d. Book VI. 1s. 6d. Book VII. 1s. gd.

NEW GEOGRAPHY READERS. ASIA. Illustrated. 1s. 6d.

ELEMENTARY CLASS BOOK OF GENERAL GEOGRAPHY.
By HucH ROBERT MiLL, D.Sc., F.R.S.E., Librarian of the
Royal Geographical Society ; Lecturer on Physiography and

on Commercial Geography in the Heriot-Watt College, Edin-
burgh. Cr. 8vo. 3s. 6d.

GEOGRAPHY OF EUROPE. With illustrations. by JamEs
SIME, M.A. Globe 8vo. 2s.

LECTURES ON GEOGRAPHY. By Lieut.-Gen. R. STRACHEY,
RUE. Cr. 8vo. - 4s. 64.

GEOGRAPHY OF VICTORIA. By ALEXANDER SUTHERLAND,
MEALE Potti8vo.i “Is.

CLASS BOOK OF GEOGRAPHY. By ALEXANDER SUTHER-
LAND, M.A. With maps. Fcap. 8vo. 2s. 6d.

HOME GEOGRAPHY AND THE EARTH AS A WHOLE. By
* R. S. TARR and F. M. M‘MURRY, Ph.D. Cr. 8vo. 3s. 6d.

A PRIMER OF CLASSICAL GEOGRAPHY. By Rev. H. F.
TozER, M.A. Pott 8vo. 1s. a

PHYSICAL AND POLITICAL SGHOOL ATLAS. By J. G.

BARTHOLOMEW, F.R.G.S. 80 maps. 4to. 8s. 6d.; half mor.
10s, 6d.

LIBRARY REFERENCE ATLAS OF THE WORLD. By J. G.

BARTHOLOMEW, F.R.G.S. With Index to 100,000 places.
2 RoliGe: /218!

LONDON: MACMILLAN & CO. LTD.
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