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3. Describe a circle that shall pass through two given points and
have its centre in a given straight line. Wheun is this Impossible ¢

4. Describe a circle of given radius to pass through two given
points. When is this impossible ?

5. ABC is an isosceles triangle ; and from the vertex A, as

centre, a circle is described cutting the base, or the base produced.
at X and Y. Shew that BX=CY.

6. If two circles which intersect are cut by a straight line
Earallel to the common chord, shew that the parts of it intercepted
etween the circumferences are equal.

7. If two circles cut one another, any two straight lines drawn
through a point of section, making equal angles with the common
chord, and terminated by the circumferences, are equal.

[Ex. 12, p. 171.]

8. If two circles cut one another, of all straight lines drawn
through a point of section and terminated by the circumferences, the
greatest is that which is parallel to the line joining the centres.

9. Two circles, whose centres are C and D, intersect at A, B ;
and through A a straight line PAQ is drawn terminated by the

circumferences: if PC, @D intersect at X, shew that the angle PXQ
1s equal to the angle CAD.

10. Through a point of section of two circles which cut one

another draw a straight line terminated by the circumferences and
bisected at the point of section.

11. AB is a fixed diameter of a circle, whose centre is C; and

from P, any point on the circumference, PQ is drawn perpendicular
to AB ; shew that the bisector of the angle CPQ always intersects
~ the circle in one or other of two fixed points.

12. Circles are described on the sides of a quadrilateral as
diameters : shew that the common chord of any two consecutive
circles is parallel to the common chord of the other two.

[Ex. 9, p. 105.]

13. Two equal circles touch one another externally, and through
the point of contact two chords are drawn, one in each circle, at
right angles to each other : shew that the straight line joining their
other extremities is equal to the diameter of either circle.

14. Straight lines are drawn from a given external point to the

circumference of a circle: find the locus of their middle points.
[Ex. 3, p. 105.]

15. Two equal segments of circles are described on o te
sides of the same chord AB; and through O, the middle point of
AB, any straight line POQ is drawn, intersecting the arcs of the
segments at P and Q : shew that OP=0Q. |

____
Ly oy
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[I, ON THE TANGENT AND THE CONTACT OF CIRCLES.
[See Propositions 11, 12, 16, 17, 18, 19.}

. All equal chords placed in a given circle touch a fixed con:
centric circle.

2. If from an external point two tangents are drawn to a circle,
the angle contained by them is double the angle contained by the
chord of contact and the diameter drawn through one of the points
of contact.

3. Two circles touch one another externally, and through the
point of contact a straight line is drawn terminated by the circum-
ferences : shew that the tangents at its extremities are parallel.

4. Two circles intersect, and through one point of section any
straight line is drawn terminated by the circumferences : shew that
the angle between the tangents at its extremities is equal to the
angle between the tangents at the point of section.

5. Shew that two parallel tangents to a circle intercept on any
third tangent a segment which subtends a right angle at the centre.

6. Two tangents are drawn to a given circle from a fixed ex-
ternal point A, and any third tangent cuts them produced at P and

Q: shew that PQ subtends a constant angle at the centre of the
circle.

7. In any quadrilateral circumscribed about a circle, the sum of
one pair of opposite sides is equal to the sum of the other pair.

8. If the sum of one pair of opposite sides of a quadrilateral s
equal to the sum of the other pair, shew that a circle may be inscribed
in the figure.

(Bisect two adjacent angles of the figure, and so describe a circle to

touch three of its sides. Then prove indirectly by means of the
last exercise that this circle must also touch the fourth side.]

9. Two circles touch one another internally, the centre of the
outer being within the inner circle : shew that of all chords of the
outer circle which touch the inner, the greatest is that which is
perpendicular to the straight line joining the centres. : -

10. In any triangle, if a circle is described from the middle
point of one side as centre and with a radius equal to half the sum
of the other two sides, it will touch the circles described on these

sides as diameters.

11. Through a given point, draw a straight line to cut a circle,
80 that the nr% integrleeptelc)lo by the circumference may be equal to a

given straight line. : .
In order that the problem may be possible, between what limits

must the given line lie, when the given point is (i) without the circle,
(ii) within it ?

- L
ey
e




236 EUCLID'S ELEMENTS.

12. A series of circles touch a given straight line at a givep j
point : shew that the tangents to them at the points where they cut 3
a given parallel straight line all touch a fixed circle, whose centre is |
the given point.

13. If two circles touch one another internally, and any third i

circle be described touching one internally and the other externally ;
then the sum of the distances of the centre of this third circle from
the centres of the two given circles 1s constant.

L T T VT e

14. Find the locus of points such that the pairs of tangents
drawn from them to a given circle contain a constant angle.

15. Find a point such that the tangents drawn from it to two
given circles may be equal to two given straight lines. When is
this impossible ?

16. If three circles touch one another two and two ; prove that
the tangents drawn to them at the three points of contact are con-
current and equal.

Tae CommoN TANGENTS TO Two CIRCLES.

17. T'o draw a common tangent to two circles.

First. When the given circles are external to one another, or
when they intersect.

Let A be the centre of the

ter circle, and B the centre
of the less.

From A, with radius equal
to the diff*e of the radii of the
given circles, describe a circle:
and from B draw BC to touch
the last drawn circle. Join AC,
and produce it to meet the
greater of the given circlesatD.

~ Through B draw the radius BE par' to AD, and in the same

direction.
Join DE.
Then DE shall be a common tangent to the two given circles.

For since AC =the diffce betgeDen gg and BE, Constr.
and CD is par' to BE ; Contr.
DE is equal and par! to CB. 1. 33.

But since BC is a tangent to the circle at C,
. the L ACB is a rt. ie ; 1. 18.

hence each of the angles at D and E is ; rt. angle: 1 29.
. DE is a tangent to both circles. QBT
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It follows from hypothesis that the point B is outside the circle
used in the construction :

. two tangents such as BC may always be drawn to it from B :
hence fwo common tangents may always be drawn to the gi\:en
circles by the above method. These are called the direct common
tangents.

Sﬁcondiy_. When the given circles are external to one another
and do not intersect, two more common tangents may be drawn.

For, from centre A, with a radius equal to the sum of the radii of
the given circles, describe a circle.

From B draw a tangent to this circle ;
and proceed as before, but draw BE in the direction opposite to AD.

It follows from hypothesis that B is external to the circle used
in the construction ;

. two tangents may be drawn to it from B.

Hence two more common tangents may be drawn to the given
circles : these will be found to pass between the given circles, and
are called the transverse common tangents.

Thus, in general, four common tangents may be drawn to two
given circles.

The student should investigate for himself the number of common
tangents which may be drawn in the following special cases, noting
in each case where the general construction fails, or is modified :—

(i) When the given circles intersect :
(ii) When the given circles have external contact :
(iii) When the given circles have internal contact :
(iv) When one of the given circles is wholly within the other.

18. Draw the direct common tangents to two equal circles.

19. If the two direct, or the two transverse, common tangents
are drawn to two circles, the parts of the tangents intercepted
between the points of contact are equal.

to on; another ; shew that the two direct, a.nd. also Phe two trans-
verse, tangents intersect on the straight line which joins the centres

of the circles.

91 Two given circles have external contact at A, and a direct
common tangeglxlt is drawn to touch them at Pand Q: shew that PQ

subtends a right angle at the point A.

99 Two circles have external contact at A, and a direct common

tangent is drawn to touch them at P and Q: shew that a ir
dﬂeri:ll:edmon PQ as diameter is touched at A by the straight line

which joins the centres of the circles.
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23. Two circles whose centres are C and C’ have external contaot
at A, and a direct common tangent is drawn to touch them at P
and Q: shew that the bisectors of the angles PCA, QC A ineet at
right angles in PQ. And if R is the point of intersection of the
bisectors, shew that RA is also a common tangent to the circles.

24. Two circles have external contact at A, and a direct common

ent is drawn to touch them at P and @ : shew that the square

gQ is equal to the rectangle contained by the diameters of the
mrcles

25. Draw a tangent to a given circle, so that the part of it
intercepted by another given circle may be equal to a given straight
line. hen 18 this impossible ?

26. Draw a secant to two given circles, so that the parts of it
intercepted by the circumferences may be equal to two given straight
lines.

ProBLEMS ON TANGENOY.

Obs. The following exercises are solved by the Method of Inter-
section of Loci, explained on page 125.

The student should begin by making himself familiar with the
following loci.

(i) The locus of the centres of circles which pass through two given
points.

(1) The locus of the centres of circles which touch a given straight

line at a given poind.

(i1i) The locus of the centres of circles which touch a given circle
at a given point.

(iv) The locus of the centres of circles which touch a given straight
line, and have a given radius.

(v) The locus of the centres of circles which touch a given circle,
and have a given radius. d »

(vi) The locus of the centres of cireles which touch two gwen
straight lines.

In each exercise the student should investigate the limits and
relations among the data, in order that the problem may be

possible.
27. Describe a circle to touch three given ntraaght lines.

28. Describe a circle to pass through a given point, and touch &
given straight line at a given point.

29. Dueﬁhaaemclotopluthm@umpeht mdt“i
given circle at a given point.
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it ¥

30. Describe a circle of given radius to pase

. - thrﬂu h A 'ven
point, and touch a given straight line. A gl

31. Describe a circle of given radius to touch two given circles

32. Describe a circle of given radius to touch two given straight
lines.

33. ]}Pf{crihe_u circle of given radius to touch a given circle and
a given straight line, |

34. l)esgrihe two circles of given radii to touch one another and
a given straight line, on the same side of it.

35. If a circle touches a given circle and a given straight line,
shew that the points cf contact and an extremity of the diameter of
the given circle at right angles to the given line are collinear.

36. 7;'0 deseribe a circle to touch a given circle, and also to touch a
given straight line at a given point.

Let DEB be the given circle,
PQ the given straight line, and A
the given point in it,

I%I b8 requared to describe a cirele
to touch the © DEB, and also to
touch PQ at A.

At A draw AF perp. toPQ:1.11.
then the centre of the required

D

circle must lie in AF. nr 19.
Find C, the centreof the © DEB,
53k, X

aplg draw a diameter BD perp. to

join A to one extremity D, cutting
the Oce at E.

Join CE, and produce it to cut AF at F.
Then F shall be the centre, and F A the radius of the requared circle.

[Supply the proof : and shew that a second solution is obtained
by joining AB, and producing it to meet the O¢. ;
Also distinguish between the nature of the contact of the cireles,
when PQ cuts, touches, or is without the given circle, |

37. Describe a circle to touch a given straight line, and to
touch a given circle at a given point.

38. Describe a circle to touch a given circle, have its centre in a
E::n straight line, and pass through a given point in that straight

[For other problems of the same class see page 253. ]
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OrTHOGONAL CIROLES.

DerinitioN. Circles which intersect at a point, so that the two
tangents at that point are at right angles to one another, are said to
be orthogonal, or to cut one another orthogonally.

39. In two intersecting circles the angle between the tangents
at one point of intersection is equal to the angle between the tangents

at the other.

40. If two circles cut one another orthogonally, the tangent to
each circle at a point of intersection will pass through the centre of

the other circle.

41. If two circles cut one another orthogonally, the square on the
distance between their centres is equal to the sum of the squares on
their radi,

42. TFind the locus of the centres of all circles which cut a given
circle orthogonally at a given point.

43. Describe a circle to pass through a given point and cut a
given circle orthogonally at a given point.

III. ON ANGLES IN SEGMENTS, AND ANGLES AT THE
CENTRES AND CIRCUMFERENCES OF CIRCLES.

[See Propositions 20, 21, 22 ; 26, 27, 28, 29 ; 31, 32, 33, 34.]

1. If two chords intersect within a circle, they form an angle
equal to that at the centre, subtended by half the sum of the arcs they
cut off.

Let AB and CD be two chords, intersecting -
at E within the given © ADBC.

Then shall the L AEC be equal to the angle at
the centre, subtended by half the sum of the B

arcs AC, BD.
Join AD.

Then the ext. L AEC=the sum of the int. A
opp. L* EDA, EAD ;
that is, the sum of the L®* CDA, BAD.
But the L* CDA, BAD are the angles at the O¢ subtended by
the arcs AC, BD ;
~. their sum =half the sum of the angles at the centre subtended by
the same arcs ; |
or, the L AEC=the angle at the centre subtended by half the sum
of the arcs AC, BD. Q.E.D.
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2. If two chords when produced intersect outside a circle, they form

an angle equal to that at the centre subtended by half ¢ '
the arcs they cut off. y half the difference of

3. The sum of the arcs cut off by two chords of a circle at right
angles to one another is equal to the semi-circumference.

4. AB, AC are any two chords of a circle; and P, @ are the
middle Romts of the minor arcs cut off by them : if PQ is joined
cutting AB and AC at X, Y, shew that AX=AY, :

5. 1If one sude of a quadrilateral inscribed in a circle is produced,
the exterior angle 8 equal to the opposite interior angle.

6. If two circles intersect, and any straight lines are drawn, one
through each point of section, terminated by the circumferences :
shew that the chords which join their extremities towards the same
parts are parallel.

7. ABCD is a quadrilateral inscribed in a circle ; and the opposite
sides AB, DC are produced to meet at P, and CB, DA to meet at Q:
if the circles circumscribed about the triangles PBC, QAB intersect
at R, shew that the points P, R, @ are collinear.

8. If a circle is described on one of the sides of a right-angled
triangle, then the tangent drawn to it at the point where 1t cuts the

hypotenuse bisects the other side.

9. Given three points not in the same straight line : shew how
to find any number of points on the circle which passes through
them, without finding the centre.

10. Through any one of three given points not in the same
straight line, draw a tangent to the circle which passes through
them, without finding the centre.

11. Of two circles which intersect at A and B, the circumference

of one es through the centre of the other: from A any straight
line is drawn to cut the first at C, the second at D ; shew that CB =CD.

12. Two tangents AP, AQ are drawn to a circle, and B is the
middle Boint of the arc PQ, convex to A. Shew that PB bisects the

angle APQ.
13. Two circles intersect at A and B; and at A tangents are

drawn, one to each circle, to meet the circumferences at C agd D; if
CB, BD are joined, shew that the triangles ABC, DBA are equiangular

to one another.

14. Two segments of circles are described on the same chord
and on the same side of it; the extremities of the common chord are

joined to any t on the arc of the exterior segment : shew that
thamin&mthoinbﬁorugm«tumﬁmt
H.8.E. Q
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15. If a series of tria,n%les are drawn standing on a fixed bage,
and having a given vertical angle, show that the bisectors of the
vertical angles all pass through a fixed point.

16. ABC is a triangle inscribed in a circle, and E the middle
point of the arc subtended by BC on the side remote from A: if
through E a diameter ED is drawn, shew that the angle DEA is half
the difference of the angles at B and C. [See Ex. 7, p. 109. ]

17. If two circles touch each other internally at a point A, any
chord of the exterior circle which touches the interior 18 divided at
its point of contact into segments which subtend equal angles at A,

18. If two circles touch one another internally, and a straight.
line is drawn to cut them, the segments of it int-ercetpted between
the circumferences subtend equal angles at the point of contact.

Tae ORTHOCENTRE OF A TRIANGLE.

19. The perpendiculars drawn from the vertices of a triangle to
the opposite sides are concurrent.

In the A ABC, let AD, BE be the
perp* drawn from A and B to the 013)0- - A
site sides ; and let them intersect at O.

Join CO ; and produce it to meet AB

at F.
It is required to shew that CF is perp.

to AB.
Join DE.

Then, because the L* OEC, ODC are
rt. angles,

Hyp. |
. the points O, E, C, % are concyclic :
the L DEC=the L DOC, in the same segment ;
=the vert. opp. L FOA.

Again, because the £* AEB, ADB are rt. angles, Hyp.
. the points A, E, D, B are concyeclic :
the L DEB=the L DAB, in the same segment.

- the sum of the .* FOA, FAO =the sum of the .* DEC, DEB
=6 I angla :
the remaining L AFO=a rt. angle :
that is, CF is to AB.
Hence the three perp® AD, BE, CF meet at the point O. Q.E.D.

[For an Alternative Proof see p. 114.]

| 8
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DEFINITIONS.

(i) The intersection of the perpendiculars drawn from the
vertices of a triangle to the opposite sides is called its orthocentre.

(l]) : frhﬂ Iﬁ.l‘iilllj_"lff fnrmed hy jf_]ining the f&Et ”f thﬁ pel"pendi-
culars 18 called the pedal or orthocentric triangle.

20. In an acute-angled triangle the perpendiculars drawn from

the vertices to the opposite sides bisect the angles of the nedal trianqgle
through which they pass. - .

In the acute-angled /. ABC, let AD,
BE, CF be the perp* drawn from the A
vertices to the opposite sides, meeting e
at the orthocentre O ; and let DEF be
the pedal triangle.

Then shall AD, BE, CF bisect respec-
tively the L* FDE, DEF, EFD.

For, as in the last theorem, it may B o B
be shewn that the points O, D, C, E are
concyclic ;

-. the L ODE =the L OCE, in the same segment.
Similarly the points O, D, B, F are concyelic;
. the L ODF =the L OBF, in the same segment.

But the L OCE =the L OBF, each being the comp* of the L BAC.
. the L ODE =the £ ODF.

Similarly it may be shewn that the L* DEF, EFD are bisected
by BE and CF. Q.E.D.

CoROLLARY. (i) ZHvery two sides of the pedal triangle are equally
inclined to that side of the original triangle in which they meet.

For the L EDC=the comp® of the L ODE
= the comp* of the L OCE

=the L BAC.

Similarly it may be shewn that the L FDB=the L BAC,
- the L EDC=the L FDB=the L A.

In like manner it may be proved that
the L DEC=the L FEA=the L B,

and the . DFB=the L EFA=the L C.

COROLLARY. (ii) 7The triangles DEC, AEF, DBF are equiangular
to one another and to the triangle ABC.

N - BAC is obtuse, t.benthoﬁ'pum ' BE,CF
MWM angles of the pedal |
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—

21. In any triangle, if the perpendiculars drawn from the vertices
on the opposite sides are produced to meet the circumscribed cirele,
then each side bisects that portion of the line perpendicular to it which
lies between the orthocentre and the circumference,

Let ABC be a triangle in which the perpen-
diculars AD, BE are drawn, intersecting at O
the orthocentre, and let AD be produced to meet
the O¢e of the circumscribing circle at G.

Then shall DO =DG.
Join BG.

Then in the two A* OEA, ODB,
the L OEA=the L ODB, being rt. an%les ; G
and the L EOA=the vert. o 8 L DOB;

. the remaining L Eﬁl\) =the remaining £ DBO. 1. 32.

But the L CAG=the L CBG, in the same segment;
. the L DBO=the 4 DBG.

Then in the A®* DBO, DBG,

the L DBO =the L DBG, Proved,
Because{ the L BDO =the L BDG,
and BD is common ;

-. DO=DG. 1. 26.
Q.E.D.

C

2.  In an acute-angled iriangle the three sides are the external
bisectors of the angles of the pedal triangle : and in an obtuse-angled
triangle the sides containing the obtuse angle are the internal bisectors

of the corresponding angles of the pedal triangle.

23. If O is the orthocentre of the triangle ABC, shew that the
angles BOC, BAC are supplementary.

24. If O is the orthocentre of the triangle ABC, then any one of
the four points O, A, B, C is the orthocentre of the triangle whose
vertices are the other three.

25. The three circles which pass through two vertices of a triangle
and its orthocentre are each equal to the circle circumscribed about the

triangle.

26. D, E are taken on the circumference of a semicircle described
on a given straight line AB: the chords AD, BE and AE, BD
intersect (Sroduced if necessary) at F end G: shew that FG is

perpendi to AB.
27. ABCD isa Eanllelogum; AE and CE are drawn at right
will

les to AB, and CB respectively : shew that ED, if produced, wi
ﬂgperpendiouhr to AC. oy - | :




—

THEOREMS AND EXAMPLES ON BOOK IIL 245

28, _ABC 18 a triangle, O is its orthocentre, and AK a diameter
of the circumscribed circle : shew that BOCK is a parallelogram.

29. The orthocentre of a triangle is joined to the middle point

of the base, and the joining line is produced to meet the circum-
scribed circle : prove that it will meet it at the same point as the
diameter which passes through the vertex.

30. The perpendicular from the vertex of a triangle on the base,
and the straight line joining the orthocentre to the middle point of

the base, are produced to meet the circumsecribed circle at P and @ :
shew that PQ is parallel to the base.

31. The distance of each vertex of a triangle from the orthocentre
is double of the perpendicular drawn from the centre of the circum-
scribed circle on the opposite side.

32. Three circles are described each passing through the ortho-
centre of a triangle and two of its vertices: shew that the triangle
forme(ll by joining their centres is equal in all respects to the original
triangle.

33. ABC is a triangle inscribed in a circle, and the bisectors of
its angles which intersect at O are produced to meet the circum-
ference in PQR : shew that O is the orthocentre of the triangle PQR.

34. Construct a triangle, having given a vertex, the orthocentre,
and the centre of the circumscribed circle.

Locr.

35. Given the base and vertical angle of a triangle, find the locus
of its orthocentre.
Let BC be the given base, and X the A
given angle; and let BAC be any triangle
on the base BC, having its vertical L A S
equal to the L X.
Draw the perp* BE, CF, intersecting

at the orthocentre O.
Itiarequiredtoﬁﬂdt}wlocusofo.

Since the L* OFA, OEA are rt. angles, g bW
.. the points O, F, A, E are concyche; 99
. the L FOE is the supplement of the L A: L.

~. the vert. opp. ~ BOC is the supplement of the L A.
But the L A is constant, beingalw:ayaequaltothet_)(;
-. its supplement is constant ; s
that is, the A BOC has a ed base, and constant vertical 3

hence tuvaisthemofaW“'f" w
htﬁ::::,}:"ﬂd [See Corollary p. 201.]




246 EUCLID'S ELEMENTS.

36. Given the base and vertical angle of a triangle, find the locus
of th~ intersection of the bisectors of its angles,

Let BAC be any triangle on the given ¥ A

base BC, having its vertical angle equal to
the given L X ; and let Al, Bl, Cl be the /\

bisectors of its &nglea [%e Ex. 2 , pe 111.]
It is required to find the locus of the point |.

Denote the angles of the & ABC by
A, B, C; and let the L BIC be denoted

by l. B C
Then from the A BIC,

k- (i) | + 3B +3C=two rt. angles, 1. 32
* and from the A ABC,

a5 A+ B+ C=two rt. angles; 1. 32,
e ("} so that $A + 4B + §C=one rt. angle,

B ., taking the differences of the eci uals in (i) and (ii),
S | - 4A=one rt. an |

E or, | =one rt. angle + iA.

~ But Ais constant, bemg always equal to the L X ;
A | is constant : A
LT ». the Jocus of | is the arc of a segment on the fixed chord BC.
e :m Given the base and rertical angle of a triangle, find the locus
~ ofthe centroid, that is, the intersection of the medians.

S ’i  Let Bﬁﬁv’z‘ iam:n&ﬂm tl'il: given
| bk s

-
'r

il
il
.
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: =
-
(% fap
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.
=

LLE

-anglo let the med
stthpmhﬁdﬁ.
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38. (Given the base and the vertical angle of a triangle: find
locus of the intersection of the bisectors of Eb1:he exterior %aa’e a.r:lgl::ﬁ

39. Through the extremities of a given straight line AB any t
paralle] f;.traight lines AP, BQ are drawn: ﬁn%l the locus o}fr ;12
intersection of the bisectors of the angles PAB, QBA.

40. Find the locus of the middle points of chords of a circle
drawn through a fixed point.

Distinguish between the cases when the given point is within,
on, or without the circumference.

41. Find the locus of the points of contact of tangents drawn
from a fixed point to a system of concentric circles.

42. Find the locus of the intersection of straight lines which
pass through two fixed points on a circle and intercept on its cir-
cumference an arc of constant length.

43. A and B are two fixed points on the circumference of a
circle, and PQ is any diameter : find the locus of the intersection of

PA and QB.
~ 44. BAC is any triangle described on the fixed base BC and

having a constant vertical angle ; and BA is produced to P, so that
- BP is equal to the sum of the sides containing the vertical angle :

46 Astraight rod PQ slid

and shew that it passes through B. [Ex. 9, p. 234.]

find the locus of P.

45, ABisa fixed chord of a circle, and AC is a moveable chord

through A: if the parallelogram CB is completed, find the

angles to one another, and from its extremities PX, Q
perpendicular to the rulers : find the locus of X.

A 47. Two circles whose eell:tmpzracﬁo. intersect ﬁg ¢
: through A, traight line is drawn terminated
reum -;‘::JHPO. QD intersect at X: find the locus of X,
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50. Two segments of circles are on the same chord AB and on

the same side of it; and P and @ are any points one on each arc:
find the locus of the intersection of the bisectors of the angles PAQ,
PBQ.

51. Two circles intersect at A and B ; and through A any straight
line PAQ is drawn terminated by the circumferences: find the locus
of the middle point of PQ.

MISCELLANEOUS ExAMPLES ON ANGLES IN A CIRCLE.

52. ABC is a triangle, and circles are drawn through B, C,
cuttinégl the sides in P, Q, P, @/, ...: shew that PQ, P'Q’ ... are
parallel to one another and to the tangent drawn at A to the circle
circumscribed about the triangle.

53. Two circles intersect at B and C, and from any point A, on
the circumference of one of them, AB, AC are drawn, and produced
if necessary, to meet the other at D and E : shew that DE is parallel
to the tangent at A.

54. A secant PAB and a tangent PT are drawn to a circle from
an external point P ; and the bisector of the angle ATB meets AB at
C : shew that PC is equal to PT.

55. From a point A on the circumference of a circle two chords
AB, AC are drawn, and also the diameter AF : if AB, AC are pro-
duced to meet the tangent at F in D and E, shew that the triangles
ABC, AED are equiangular to one another.

56. O is any point within a triangle ABC, and OD, OE, OF are
drawn grpendicular to BC, CA, AB respectively : shew that the
angle BOC is equal to the sum of the angles BAC, EDF.

57. If two tangents are drawn to a circle from an external
point, shew that they contain an angle equal to the difference of the
angles in the segments cut off by the chord of contact.

. B8. Two circles intersect, and through a point of section a
straight line is drawn bisecting the angle between the diameters
through that point: shew that this straight line cuts off similar
segments from the two circles.

_39. Two equal circles intersect at A and B ; and from centre A,
with any radius less than AB a third circle is described cutting the
given circles on the same side of AB at C and D: shew that the
points B, C, D are collinear.

60, ABC and A'B'C’ are two triangles inscribed in a circle, 50
that AB, AC are respectively parallel to A'B’, A’C’: shew that BC

is parallel to B'C,

& THRE PR .
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61. Two circles intersect at A and B, and through A two straight
lines HAK, P‘AQ are drawn termpinated by the ci%cumferencea:g if
HP and KQ intersect at X, shew that the points H, B, K, X are
concyclic.

62. Describe a circle touching a given straight line at a given
point, so that tangents drawn to it from two %xed points in the
given line may be parallel. [See Ex. 10, p. 197.]

63. C is the centre of a circle, and CA, CB two fixed radii: if
from any point P on the arc AB perpendiculars PX, PY are drawn
to CA and CB, shew that the distance XY is constant.

64. AB is a chord of a circle, and P any point in its circum-
ference ; PM is drawn perpendicular to AB, ang AN is drawn per-
pendicular to the tangent at P : shew that MN is parallel to PB.

65. P is any point on the circumference of a circle of which AB
is a fixed diameter, and PN is drawn perpendicular to AB; on AN
- and BN as diameters circles are described, which are cut by AP, BP
- atXand Y: shew that XY is a common tangent to these circles.

) 'f;'-'il_ 66. UPon the same chord and on the same side of it three seg-

ments of circles are described containing respectively a given angle,

its supplement and a right angle : shew that the intercept made by

~ the two former segments upon any strai%ht line drawn through an
~ extremity of the given chord is bisected by the latter segment.

- 87. Two straight lines of indefinite length touch a given circle,

~ and any chord is drawn so as to be bisected by the chord of contact:

~ if the fzrmar chord is produced, shew that the intercepts between
ci ie tangents are equal.

- -
&
e
e

. ."H'

- the circumference and t

' 8. Two circles intersect one another: through one of the points

~ of section draw a straight line of given length terminated by the

"} 69. On the three sides of any triangle equilateral triangles are

~ described remote from the given triangle: shew that the circles
:f.';::v? about them intersect at a point.

SR . : b
~_70. On BC AB the sides of a triangle ABC, any poin
~ P,Q, Rare taken ?:'how that the circles described about the triangles

BRP, CPQ

L _. i
—
I‘. =
3 FI ]
M i 4
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=

A meet in a point.
7L Find a point within a triangle at which the sides subtend
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SimMsoN's LNk,

4. Iffi‘ﬂ?ﬂ any p{ai"nf on the f‘f}'r‘mn‘f}-‘-rfnr'r Q_f the cirele CIreNm.
seribed about a triangle, perpendicwlars are drawn to the three sudes,
the feet of these perpendiculars are collinear.

Let P be any point on the O of the
circle circumscribed about the A ABC: and
let PD, PE, PF be the perp* drawn from
P to the three sides.

It s required to prove that the points
D, E, F are collinear.

Join FD and DE :
then FD and DE shall be in the same st.

line.
Join PB. PC.

Because the L* PDB, PFB are rt. angles, Hyp.
". the points P, D, B, F are concyclic:
. the L PDF =the L PBF, in the same segment. 111 2.

But since BACP is a quad! inscribed in a circle, having one of its
sides AB produced to F,
. the ext. L PBF =the opp. int. L ACP. FE=z. 3, p. 202.
. the L PDF =the L ACP.
To each add the L PDE :
then the L* PDF, PDE =the L*®* ECP, PDE.

But since the L* PDC, PEC are rt. angles,
. the points P, D, E, C are concyclic;
. the L* ECP, PDE together=two rt. angles:
. the L* PDF, PDE together=two rt. angles;
. FD and DE are in the same st. line ; 1. 14,
that is, the points D, E, F are collinear. Q.E.D.

[The line FDE is called the Pedal or Simson’s Line of the triangle
ABC for the point P ; though the tradition attributing the theorem
to Robert Simson has been recently shaken by the researches of
Dr. J. 8. Mackay.]

75. ABC is a triangle inscribed in a circle ; and from é:oinb
P on the circumference PD, PF are drawn endicular t:né and
AB: if FD, or FD produced, cuts AC at E,GE ew that PE is per-
pendicular to AC.

76. Find the locus of a point which moves so that if perpen-
dionln.lrl::re drawn from it to the sides of a given triangle, their feet
are collinear.

77. ABC and AB'C’ are two triangles having a common vertical
angle, and the circles circumserib ut them meet again at P;
shew that the feet of culars drawn from P to the four lines
m’ Ac' Bc' Wll‘!ﬂﬂ m\i g ,-_. _ : . i gy s

ij
1
!
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18, A iriangle 18 inscribed in a cirele, and any pont P on the
c;rtr'?t.'?ﬂef‘ﬁ:?'mﬂt: 18 jowned to the orthocentre of the rri&ﬁgta - shew that
this jornang tine 18 bisected by the pedal of the point P.

[V. ON THE CIRCLE IN CONNECTION WITH RECTANGLES.
|See Propositions 35, 36, 37.]

- 1. If from any external pownt P two tangents are drawn to a qiven
circle whose centre 12 O, and if OP meets the chord of contact at @ ;
then the rectangle OP, OQ is equal to the square on the radius.

Let PH, PK be tangents, drawn from
the external point P to the © HAK, whose
centre is O ; and let OP meet HK the
chord of contact at @Q, and the O¢® at A.

T%’A shall the rect. OP, OQ=the sq. on

On HP as diameter describe a circle :
this circle must pass through Q, since the
L HQP is a rt. angle. 1. 31.

Join OH.
Then since PH is a tangent to the © HAK,
the L OHP 1s a rt. angle.
And since HP is a diameter of the © HQP,

. OH touches the © HQP at H. 111 16.
. the rect. OP, OQ =the sq. on OH, 111. 36,
=the sq. on OA. Q.E.D.

2. ABC is a triangle, and AD, BE, CF the perpendiculars drawn

from the vertices to the ite sides, meeting in the orthocentre O:
shew that the rect. AQ, gD: the rect. BO, OE =the rect. CO, OF. %

3. ABC is a triangle, and AD, BE the perpendiculars drawn
from A and B on the %oaite sides: shew that the rectangle CA, CE

is equal to the rectangle CB, CD.

4. ABC is a triangle right-angled at C, and from D, any point
in the hypotenuse AB, a straight line DE is drawn perpendi to
AB and meeting BC at E : shew that the square on DE is equal to
the dlﬁaron::ﬁ the rectangles AD, DB and CE, EB.

g an external point P two tang ts are drawn toa g
From an external p OP meets the chord of con Q:
dhrels wiinb e I SO0 S e poiata P, Q will o

Def. p. 240

t circle which
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6. A series of circles pass through two given points, and from o
Jixed pownt in the common chord produced tangents are drawn to all
the circles: shew that the points of contact lie on a circle which cuts all
the given circles orthogonally.

7. AU circles which pass through a fixed point, and cut a given
circle orthogonally, pass also through a second fized pownd.

8. Find the locus of the centres of all circles which pass through
a given point and cut a given circle orthogonally.

9. Describe a circle to pass through two given points and cut a 5
given circle orthogonally.

10. A, B,C, D are four points taken in order on a given straight

line: find a E:int O between B and C such that the rectangle
OA, OB may be equal to the rectangle OC, OD.

11. AB is a fixed diameter of a circle, and CD a fized straight
line of indefinite length cutting AB or AB produced at right angles ;
any straight line 18 drawn through A to cut CD at P and the circle at
Q : shew that the rectangle AP, AQ is constant.

12. AB is a fixed diameter of a circle, and CD a fixed chord at
right angles to AB ; any straight line is drawn through A to cut CD

at P and the circle at Q : shew that the rectangle AP, AQ is equal
to the square on AC.

13. A is a fixed point, and CD a fixed straight line of indefinite
length ; AP is any straight line drawn through A to meet CD at P;

and i AP a point Q is taken such that the rectangle AP, AQ is
constant : find the locus of Q.

14. Two circles intersect orthogonally, and tangents are drawn
from any point on the circumference of one to touch the other:
prove that the first circle passes through the middle point of the
chord of contact of the tangents. [Ex. I, p. 251.]

15. A semicircle is described on AB as diameter, and any two
chords AC, BD are drawn intersecting at P : shew that

AB*=AC.AP+BD.BP.

16. Two circles intersect at B and C, and the two direct common
tangents AE and DF are drawn : if the common chord is &rodnooﬂ
to meet the tangents at G and H, shew that GH2=AE?2+ BC2.

17. If from a point P, without a circle, PM is drawn perpen-
dicular to a diameter AB, and also a secant , shew that

PM2=PC.PD+AM. MB,

.
b =il
1
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18. Three circles intersect at D, and their other points of inter-

section are A, B, C; AD cuts the circle BDC at E d E
the circles ADB, ADC respectively at F and G - a:hanEhE? iﬁz
points F, A, G are collinear, and F,B,C, G coneyelie,

19. A semicircle is described on a given diameter BC, and from
B and C any two chords BE, CF are drawn intersecti'ng within
the semicircle at O ; BF and CE are produced to meet at A : shew
that the sum of the squares on AB, AC is equal to twice
on the tangent from A together with the square on BC,

20. X and Y are two fixed points in the diameter of a circle
equidistant from the centre C: through X any chord PXQ is drawn,
and its extremities are joined to Y: shew that the sum of the

squares on the sides of the triangle PYQ is constant. [See p. 161
Ex. 24.] i

PRrROBLEMS oN TANGENCY.

21. To describe a circle to pass through two given points and to
touch a given straight line.

Let A and B be the given points,
and CD the given st. line.

It is required to describe a circle to
%Bss through A and B and to touch

Join BA, and produce it to meet
CD at P. -

Describe a square equal to the C P Q D
rect. PA, PB ; . 14. _
and from PD (or PC) cut off PQ equal to a side of this square.

Through A, B, and @Q describe a circle. Ex. 4, p. 171

Then since the rect. PA, PB =the sq. on PQ,

. the ®© ABQ touches CD at 1. 37.
Q.E.F.

Nores. (i) Since PQ may be taken on either side of P, it is
clear that there are in general two solutions of the problem.

(ii) When AB is parallel to the given line CD, the above method

is not applicable. In this case a simple construction follows from
L 1, CE)I:' and 111. 16, and it will be found that only one solution

exists.

T ) .
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22. 1o describe a circle to pass through two given points and to
touch a given circle.

Let A and B be the given
points, and CRP the given
circle.

It s required to describe a
circle to pass through A and
B, and to touch the & CRP.

Through A and B de-
scribe any circle to cut the — s
given circle at P and Q. ey 7 £y

Join AB, PQ, and pro- D
duce them to meet at D.

From D draw DC to touch the given circle, and let C be the
point of contact.

Then the circle described through A, B, C will touch the given circle.
For, from the © ABQP, the rect. DA, DB =the rect. DP, D@ :

and from the ©PQC, the rect. DP, DQ=the sq. on DC; 111 36.
. the rect. DA, DB =the sq. on DC:

", DC touch=s the © ABC at C. . 37.

But DC touches the © PQC at C; Constr.

. the © ABC touches the given circle, and it passes through the
given points A and B. Q.E.F,

Nore. (i) Since two tangents may be drawn from. D to the
given circle, it follows that there will be two solutions of the problem.

(ii) The ﬁeneml construction fails when the straight line bisect-
ing AB at right angles passes through the centre of the given circle :
the problem then becomes symmetrical, and the solution is obvious.

23. To describe a circle to pass through a given point and to
touch two given straight lines.

Let P be the given point, and
AB, AC the given straight lines.
It is requ;;rad tz Me o ctrcl;
to pass throwyg and to touch *
AB, AC.

Now the centre of every circle
which touches AB and AC must

lie on the bisector of the L BAC. i
Ex. 7, p. 197. B |
Hence draw AE b the -
L BAC.

From P draw PK

to AE, and produce it to P,
g P st P e T

|
]
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Then every circle which has its centre in AE, and passes through
P. must also pass through P’ Ex. 1, p. 233
Hence the problem is now reduced to rlrawing a circle Ir1:hrnz~.~1:::gl:;
P and P’ to touch either AC or AB. - Ex. 21, p. 253
Produce PP to meet AC at S, , -
Describe a square equal to the rect. SP, SP’. ir. 14,
and cut off SR equal to a side of the square.
Describe a circle through the points P, P, R.
Then since the rect. SP, SP’=the sq. on SR, Conastr.

| " this circle touches AC at R : . 37,
and since its centre is in AE, the bisector of the L BAC,
it may be shewn also to touch AB. Q.E.F.

Notes. (i) Since SR may be taken on either side of S, it follows
that there will be two solutions of the problem.

(i1) If the given straight lines are parallel, the centre lies on the
parallel straight line mid-way between them, and the construction
proceeds as before.

24, To describe a cirvele to touch two given straight lines and a
given circle,

Let AB, AC be the two given
st. lines, and D the centre of the
given circle.

It is ired to describe a circle
to touch AB, AC and the cirele
whose centre 15 D.

Draw EF, GH par' to AB
and AC respectively, on the sides
remote from D, and at distances
from them equal to the radius

of the given circle.
Describe the ® MND to touch EF and GH at M and N, and to

pass through D. _ Ex. 23, p. 254.
Let O be the centre of this clml?. .
Join OM, ON, OD meeting AB, AC, and the given circle at P, Q,
and R, :
Then a circle deseribed with centre O and radius OP will touch
AB, AC and the given circle.
For since O is the centre of the © MND,
s OM=0ON=0D.
'y _—
a circle described with centre O, and redius OP, will pass

| :Muderkm‘l-. nr. 18.

%; 1. 29.
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And since R, the point in which the circles meet, is on the line of

centres OD, .
", the © PQR touches the given circle. Q.E.F,

Nore. There will be two solutions of this problem, since two
circles may be drawn to touch EF, GH and to pass through D.

25. To describe a circle to pass through a given point and touch a
given straight line and a given circle.

Let P be the given point, AB the
given st. line, and DHE the given
circle, of which C is the centre.

It i3 required to describe a circle to
pass through P, and to touch AB
and the © DHE.

Through C draw DCEF perp. to
AB, cutting the circle at the points
D and E, of which E is between C

and AB.

Join DP ;
and by describing a circle through
F, E, and P, find a point K in DP (or DP produced) such that the

rect. DE, DF =the rect. DK, DP.

Describe a circle to pass through P, K, and touch AB: Ex. 21, p. 253.
This circle shall also touch the given © DHE.

For let G be the point at which this circle touches AB.
Join DG, cutting the given circle DHE at H.

Join HE.
Then the L DHE is a rt. angle, being in a semicircle, it 31.
also the angle at F is a rt. angle ; Constr.
. the points E, F, G, H are coneyclic:
. the rect. DE, DF =the rect. DH, DG: 1. 36.

but the rect. DE, DF =the rect. DK, DP: Constr,
-. the rect. DH, DG =the rect. DK, DP:
. the point H is on the ©® PKG.

Let O be the centre of the © PHG.
Join OG, OH, CH.
Then OG and DF are par!, since they are both perp. to AB;
and DG meets them.
| . the L OGD=the L GDC. 1. 29.
But since OG=0H, and CD=CH,
» the L OGH =the L OHG ; and the L CDH =the L CHD:
-, the L OHG=the L CHD;
*. OH and CH are in one st. line. '
. the ©® PHG touches the given © DHE.  QE.F.




THEOREMS AND EXAMPLES ON BOOK IIL 257

Notes. (i) Since two circles may be drawn to

| e ass through P
and to touch AB, it follows that there will be I;wrl: SOluti(}nﬁg{)f t:hK
|:rt-‘H"Ht I][‘ﬂ]llﬁ!ﬂ. :

(ii) Two more solutions may be obtained by joining PE, and
prru:m&fhng as before. :

The student should examine the nature of the contact between
the circles in each case,

26. Describe a circle to pass through a given point, to touch
a given :'istra.lght line, and to have its centre on another given
straight line.

27. Describe a circle to pass through a given point, to touch a
given circle, and to have its centre on a given straight line,

28. Describe a circle to pass through two given points, and to
intercept an arc of given length on a given circle.

29. Describe a circle to touch a given circle and a given straight
line at a given point.

30. Describe a circle to touch two given circles and a given
straight line.

V. ON MAXIMA AND MINIMA,

We guther from the Theory of Loci that the position of an angle,
line or figure is capable under suitable conditions of gradual change ;
and it is usually found that change of position involves a correspond-
ing and gradual change of magnitude.

Under these circumstances we may be required to note if any
situations exist at which the magnitude in question, after increas-
ing, begins to decrease; or after decreasing, to increase: in such
situations the magnitude is said to have reached a Maximum or
a Minimum value ; for in the former case it is greater, and in the
latter case less than in adjacent situations on either side. In the
geometry of the circle and straight line we only meet with such
cases of continuous change as admit of one transition from an In-
creasing to a decreasing state—or vice versi—so that in all the

roblems with which we have to deal (where a single circle is
b m.&xi:lm and one Mmzm;?—&o

imum being the greatest, the Minimum being least
value that the variable magnitude is capable of taking.
H.8.E. | R
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Thus a variable geometrical magnitude reaches 1ts maximum oy
minimum value at a twrning pownt, towards which the magnitude
may mount or descend from either side : it is natural therefore to
expect a maximum or minimum value to occur when, in the course of
its change, the magnitude assumes a symmetrical form or position .
and this is usually found to be the case.

This general connection between a symmetrical form or position
and a maximum or minimum value is not exact enough to constitute
a proof in any particular problem ; but by means of it a situation is
suggested, which on further examination may be shewn to give the
maximum or minimum value sought for.

For example, suppose it is required

to determine the greatest straight line that may be drawn perpendicular
to the chord of a segment of a circle and intercepted between the chord
and the arc ;

we immediately anticipate that the greatest perpendicular is that
which occupies a symmetrical position in the figure, namely the
pegpendicular which passes through the middle point of the chord ;
and on further examination this may be proved to be the case by

means of 1. 19, and 1. 34.

Again we are able to find at what point a geometrical magnitude,
varying under certain conditions, assumes its ilaximum or Nfi:limum
value, if we can discover a construction for drawing the magnitude
so that it may have an assigned value: for we may then examine
between what limits the assigned value must lie in order that the
construction may be possible ; and the higher or lower limit will
give the Maximum or Minimum sought for.

It was pointed out in the chapter on the Intersection of Loci,
[see page 125] that if under certain conditions existing among the
data, two solutions of a problem are possible, and under other con-
ditions, no solution exists, there will always be some intermediate
condition under which one and only one distinct solution is possible.

Under these circumstances this single or limiting solution will
always be found to correspond to the maximum or minimum value
of the magnitude to be constructed.

1. For example, suppose it is required
to divide a given straight line so that the rectangle contained by the
two segments may be a maximum.

We may first attempt to divide the given straight line so that

the contained by its s may have a given area—that
is, be equal to the square on a given t line. S
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Let AB be the given straight line, and K the side of the given
H{’[l]ﬂ.r{'.

X A WM C M B

It s required to divide the st. line AB at a point M, so0 that
the rect. AM, MB may be equal to the sq. on K.

Adopting a construction suggested by 11. 14,

describe a semicircle on AB ; and at any point X in AB, ﬁr AB
produced, draw XY perp. to AB, and equal to ﬂ

';l‘hrough Y draw YZ par! to AB, to meet the are of the semicircle
at F.

Then if the perp. PM is drawn to AB, it may be shewn after the

manner of 11. 14, or by 111. 35 that
the rect. AM, MB=the sq. on PM

=the sq. on K.
So that the rectangle AM, MB increases as K increases.

Now if K is less than the radius CD, then YZ will meet the are
of the semicircle in two points P, P’ ; and it follows that AB may be
divided at fwo points, so that the rectangle contained by its segments
may be equal to the square on K. If K increases, the st. line YZ
will recede from AB, and the points of intersection P, P’ will con-
tinually approach one another ; until, when K is equal to the radius
CD, the st. line YZ (now in the position Y'Z’) will meet the arc in
two coincident points, that is, will touch the semicircle at D ; and

there will be only one solution of the problem.

If K is greater than CD, the straight line YZ will not meet the
semicircle, and the problem is impossible,

Hence the greatest length that K may have, in order that the
construction may be possible, is the radius CD.

. the rect. AM, MB is a maximum, when it is equal to the
square on CD ; :
_ that is, when PM coincides with CD, and consequently when M
18 the middle point of AB. |

Nore. The special feature to be noticed in this problem is that
the maximum is found at the transitional point between fwo solutions
and no solution ; that is, when the two solutions coincide and be-

come identical.

s,
:.Lw-. .-'1
i

|

'
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The following example illustrates the same point.

2. To find at what point in a given straight line the angle sub-
tended by the line joining two given points, which are on the sam: side
of the given straight line, 1s a maxivmum. | .

Let CD be the given st. line, and A, B the given points on the
same side of CD.

It is required to find at what point in CD the an le subtended by the

st. line AB is a maximum.
First determine at what point in CD, the st. line AB subtends a
given angle.
This is done as follows: —

On AB describe a segment of a circle containing an angle equal to
the given angle. 1. 33.

If the arc of this segment intersects CD, fwo points in CD are
found at which AB subtends the given angle : but if the arc does
not meet CD, no solution is given.

In accordance with the principles explained above, we expect.
that a maximum angle is determined at the limiting position ; that
is, when the arc touches CD, or meets it at two coincident points.

[See page 231.]
This we may prove to be the case.

Describe a circle to through A and
B, and to touch the st. line CD.
[Ex. 21, p. 253.]
Let P be the point of contact.
'I:.l:;n lha.l.} t.heb!_ Ad:r? l}))e Bea.ter than
any other e subten at a point
in CD on :I?Eume side of AE as P. 4

For take Q, any other point in CD, on
the same side of AB as P ;
and join AQ, QB.
Since Q is a point in the tangent other
than the point of contact, it must be with.-
out the circle ;

~.either BQ or AQ must meet the arc of the segment APB.
Let BQ meet the arc at K : join AKO:gm

Then the L APB =the L AKB, in the same segment :
but the ext. L AKB is greater than the int. opp. L AQRB.

" the L APB is greater than AQB.

Similarly tha'(. APB may be shewn to be greater than any other
angle subtended hy AB at a point in CD on thge same side of AB :
that is, the L APB is the greatest of all such angles, Q.E.D.

Nore. Two circles may be described to pass through A and B,

and to touch CD, the points of contact being on opposite sides of AB;
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hence two points in CD may be found such that the angle subtended
by AB at each of them is greater than the angle subtended at any
other point in CD on the same side of AB.

We add two more examples of considerable importance.

3. In a straight line of indefinite length find a point such that the
sum of its distances from two given points, on the same side of the given
line, shall be a minimum.

Let CD be the given st. line of B
indefinite length, and A, B the 4
iven points on the same “side of

D.

It 18 requared to find a point P in
CD, such that the sum of AP, PB is
a minimum.

Draw AF perp. to CD ; B
and produce AF to E, making FE pole et
equal to AF. P

Join EB, cutting CD at P. E
Join AP, PB.

Then of all lines drawn A and B to a point in CD,
the sum of AP, PB shall be the least.

For, let Q be any other point in CD.
oin AQ, BQ, EQ.

Now in the A* AFP, EFP,
AF =EF, Constr.
Because { and FP is common ;
and the L AFP=the L EFP, being rt. angles.
- AP=EP. L 4.

Similarly it may be shewn that
AQ=EQ.
Now in the A EQB, the two sides EQ, QB are together greater
than EB ; o il

hence, AQ, QB are together greater than EB,
that is, greater than AP, PB.

Similarly the sum of the st. lines drawn from A and B to any
other point in CD may be shewn to be greater than AP, PB.
. the sum of AP, PB is a minimum.

Q.E.D.
Nore. It follows from the above proof that
the L APF =the L EPF I 4.
=the £ BPD. L 15.
Thus the sum of AP, PB is a minimum, when these lines are
I ! to CD. ) minimum,
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4. (iven two intersecting straight lines AB, AC, and a point P
between them ; shew that of all stmtght lines which pass through P
and are mnated by AB, AC, that which is bisected at P cuts off the

triangle of minimum area. .

Let EF be the st. line, terminated
by AB, AC, which is bisected at P.

Then the A FAE shall be of mini-

mum area.
For lot HK be any other st. line
passing through P. -
ThroaghEdmw EM par! to AC.
Then in the A* HPF, MPE, A
the L HPF =the L MPE, A 7
Because < and the L HFP=the L MEP, 1. 29.
and FP=EP; ﬁ
Pyl t«hﬂ A HPF=t!he ﬁ MPE- % m, .

But the A MPE is less than the A KPE
", the A HPF is less than the 2 KPE
to each add the fig. AHPE ;
thmthe .\ FAE is less than the A HAK.

thMtheAFAEuleuthm&nyothor
WIllslIt. line through P:
the 2 FAE is a minimum.
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6. Divide a given straight line into two parts, so that the sum
of the squares on the segments

(i) may be equal to a given square ;
(11)
7. Through a point of intersection of two circles draw a straight
line terminated by the circumferences,
(i) so that it may be of given length ;
(i) so that it may be a maximum.
8. Two tangents to a circle cut one another at right les ;

find the point on the intercepted arc such that the sum the
perpendiculars drawn from it to the tangents may be a minimum.

may be a minimum.

9. Straight lines are drawn from two given points to meet one
another on the convex circumference of a given circle : prove that
their sum is a minimum when they make equal angles with the
tangent at the point of intersection.

10. Of all triangles of given vertical angle and altitude, that
which is isosceles has the lafllt area.

11. Two straight lines CA, CB of indefinite length are drawn
from the centre of a circle to meet the circumference at A and B ;
thmoiallthuthAtmyhdnwntothnchubu on the
arc AB, that whose intercept is bisected at the point '
off the triangle of minimum area.

12. Given two intersecting tangents to a circle, draw a t ngent
to the convex arc so that the triangle formed byitlndm
tangents may be of maximum area. ~

13. Of all triangles of given base and area, that which is isosceles

has the greatest vertical angle.

14. Find a point on the circumference of a circle at which the
straight line joining two given points (of which both are within, or
both without the circle) subtends the greatest angle.

15. A bridge consists of three

32 ft. and 49 ft. res uiuwmmmmmm-
of the river at which the middle arch subtends the greatest angle is
63 feet distant from the bridge. o

16. From a given point P w
b2 naty

s L " g = § '_
= 1,“'.;;1\:3:'5{:‘%* i e
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arches, whose spans are 49 ft.,
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19. A segment of a circle is described on the chord AB: find a
point C on its arc so that the sum of AC, BC may be a maximum.

20. Of all triangles that can be inscribed i a crrele that which has
the greatest perimeter 1s equilateral.

21. OF all triangles that can be inscribed in a giwven cwrcle that
which has the greatest area is equilateral.

22. Of all triangles that can be inscribed in a given triangle that

5 which has the least perimeter s the triangle formed by joining the feet |
1 of the perpendiculars drawn from the vertices on opposite sides. j
. ‘ 23. Of all rectangles of given area, the square has the least

. perimeter.

24. Describe the triangle of maximum area, having its angles
2 equal to those of a given triangle, and its sides passing through three
given points.

VI. HARDER MISCELLANEOUS EXAMPLES.

1. AB is a diameter of a given circle ; and AC, BD, two chords
on the same side of AB, intersect at E : shew that the circle which

passes through D, E, C cuts the given circle orthogonally.

2. Two circles whose centres are C and D intersect at A and B ;

and a straight line PAQ is drawn through A and terminated by the
circumferences : prove that

- (1) the angle PBQ=the angle CAD :
o e (ii) the angle BPC=the angle BQD. |
-2 _# g 3. Two chords AB, CD of a circle whose centre is O intersect at

i il

e angles at P: shew that
o * _ (i) PA*+PB?+PC?+PD?=4 (radius)2.
(i) AB*+CD?+40P? =8 (radius)

gents to a circle intercept on any third
lvided at its point of contact that the

ight lines placed
straight line is tour:illgd by one circle,
another : find the locus of the point

e s Pk
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7. PQ@ is a fixed chord in a circle, and PX, QY any two parallel
chords through P and @ ; shew that XY touches a fixed concentric
circle.

8. Two equal circles intersect at A and B; and from C, any
point on the circumference of one of them, a perpendicular is drawn
to AB, meeting the other circle at O and OQ’; shew that either O or
O’ is the orthocentre of the triangle ABC. Distinguish between the
Lwo cases.

9. Three equal circles pass through the same point A, and their
other points of intersection are B, C, D : shew that of the four
points A, B, C, D, each is the orthocentre of the triangle formed by
joining the other three.

10. From a given point without a circle draw a straight line
to the concave circumference so as to be bisected by the convex
circumference. When is this problem impossible ?

11. Draw a straight line cutting two concentric circles so that
the chord intercepted by the circumference of the greater circle may
be double of the chord intercepted by the less.

12. ABC is a triangle inscribed in a circle, and A’, B/, C’ are the
middle points of the arcs subtended by the sides (remote from the
opposite vertices) : find the relation between the angles of the two

triangles ABC, A'B’C'; and prove that the pedal triangle of A’‘B'C’
is equiangular to the triangle ABC.

13. The opposite sides of a quadrilateral inscribed in a circle
are produced to meet : shew that the bisectors of the two angles so
formed are perpendicular to one another.

14. If a quadrilateral can have one circle inscribed in it, and
another circumscribed about it ; shew that the straight lines joining
the opposite points of contact of the inscribed circle are perpendicular
to one another.

15. Given the base of a triangle and the sum of the remaining
sides ; find the locus of the foot of the perpendicular from one
extremity of the base on the bisector of the exterior vertical angle.

16. Two circles touch each other at C, and straight lines are
drawn through C at right anjles to one another, m=eting the circles
at P, P’ and Q, Q' respectively : if the straight line which joins the
centres is terminated by the circumferences at A and A’, shew that

PP+ QQ*=A"A%

3 17. Two circles cut one another orth at A and B; P
iu.wointmthemofmeimhhw the other, and
PA-b-  are produced to meet the circumference of the second circle
at C and D : shew that CD is a diameter.

- ...- .
s A e
W S o il 5 i . ¥ J - - e e N e T ‘I':_'r f =3 I 1,";" -
Eatihe s B Sy A bl PREE " SR PERE TR = : o L AN N IS T e e
< e T e iy Mok pop it MG T o T, A ; - P AES 7 it e s 3 e =
= b AT I-_,j‘.. — - . e ) —*J.b ) o= _l‘--"\_ o, Ly L 1o 4y 3
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18. ABC is a triangle, and from any point P perpendiculars

PD, PE, PF are drawn to the sides : if 8,, Sy, S, are the centres of
the circles circumscribed about the triangles EPF, FPD, DPE,

chew that the triangle S,S,S, is equiangular to the triangle ABC,
and that the sides of the one are respectively half of the sides of the
other. -

19. Two tangents PA, PB are drawn from an external point P
to a given circle, and C is the middle point of the chord of contact

AB : if XY is any chord through P, shew that AB bisects the angle
XCY.

20. Given the sum of two straight lines and th_e rectangle con-
tained by them (equal to a given square) : find the lines.

21. Given the sum of the squares on two straight lines and the
rectangle contained by them : find the lines.

22 (iven the sum of two straight lines and the sum of the
squares on them : find the lines.

23. Given the difference between two straight lines, and the
rectangle contained by them : find the lines.

24, Given the sum or difference of two straight lines and the
difference of their squares : find the lines.

25. ABC is a triangle, and the internal and external bisectors
of the angle A meet BC, and BC produced, at P and P’: if O is the
middle point of PP’, shew that OA is a tangent to the circle circum-
scribed about the triangle ABC.

26. ABC is a triangle, and from P, any point on the circum-
ference of the circle circumscribed about it, perpendiculars are drawn
to the sides BC, CA, AB meeting the circle again in A’, B/, C’;
prove that

(i) the triangle A’'B’C’ is identically equal to the triangle ABC.
(i1) AA’, BB’, CC’ are parallel.

27. Two equal circles intersect at fixed points A and B, and
from any point in AB a perpendicular is drawn to meet the circum-

femnouonthﬁmme side of AB at P and Q: shew that PQ is of

28. The stnlgh t lines which join the vertices of a triangle
the centre of its circumscribed circle, are perpendicular respective
to the sides of the pedal triangle.
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30. P is any point on the circumference of a circle circumscribed
about a triangle ABC : shew that the angle between Simson’s Line
for the point P and the side BC is equal to the angle between AP
and the diameter of the circumscribed circle through A.

3l.  Shew that the circles circumscribed about the four triangles
tormed by two pairs of intersecting straight lines meet in a point.

32. Shew that the orthocentres of the four triangles formed by
two pairs of intersecting straight lines are collinear.

ON THE CONSTRUCTION OF TRIANGLES.

33. Given the vertical angle, one of the sides containing it, and
the length of the perpendicular from the vertex on the base: con-
struct the triangle.

34. Given the feet of the perpendiculars drawn from the vertices
on the opposite sides : construct the triangle.

35. Given the base, the altitude, and the radius of the circum-
scribed circle : construct the triangle.

36. Given the base, the vertical angle, and the sum of the

squares on the sides containing the vertical angle: construct the
triangle.

37. Given the base, the altitude and the sum of the squares on
the sides containing the vertical angle : construct the triangle.

38. Given the base, the vertical angle, and the difference of the
squares on the sides containing the vertical angle: construct the
triangle.

39. Given the vertical angle, and the lengths of the two medians
drawn from the extremities of the base : construct the triangle.

40. Given the base, the vertical angle, and the difference of the
angles at the base : construct the tri::ggle.

41. Given the base, and the ition of the bisector of the
vertical angle : construct the triangle.

42. Given the base, the vertical angle, and the length. of the
bisector of the vertical angle : construct the triangle.

43. Given the dicular from the vertex on the base, the
bisector of the vertical angle, and the median which bisects the
base : construct the triangle.

44. Given the bisector of the vertical angle, the median bisect-

g the base, and the difference of the angles at the base : construct




BOOK 1V.

Book IV. consists entirely of problems, dealing with
various rectilineal figures in relation to the circles which
pass through their angular points, or are touched by their
sides.

DEFINITIONS.

I. A Polygon is a rectilineal figure bounded by more .
than four sides. 4

A Polygon of five sides is called a Pentagon, 1
- stz sides » Hexagon, |
> seven sides “ Heptagon,
“ eight sides v Octagon,
= ten sides = Decagon,

4 twelve sides A Dodecagon, ]
% fifteen sides " Quindecagon. |

2. A Polygon is Regular when all its sides are equal,
and all its angles are equall.

3. A rectilineal figure is said to be
inscribed in a circle, when all its angular *
points are on the circumference of the circle;

and a circle is said to be circumseribed
about a rectilineal figure, when the circum-

ference of the circle passes through all the
angular points of the figure,

4. A circle is said to be inscribed in a
rectilineal figure, when the circumference of
thecircle is touched by each sideof the figure ;
and a rectilineal figure is said to be cirenm-
mthed_ about a circle, when each side of the
figure is a tangent to the circle.
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ProrosiTioN 1. PROBLEM.

In a qiven circle to place a chord equal to a given straight
line, which is not greater than the diameter of the circle.

Let ABC be the given circle, and D the given straight
line not greater than the diameter of the circle.

It is required to place in the © ABC a chord equal to D.

Construction. Draw CB, a diameter of the © ABC.
Then if CB=D, the thing required is done.
But if not, CB must be greater than D. Hyp.

From CB cut off CE equal to D: L 3.
and with centre C, and radius CE, describe the © AEF,

cutting the given circle at A.
Join CA.

Then CA shall be the chord required.
Proof. For CA=CE, being radii of the © AEF;

and CE=D: Constr.
. CA=§
Q.E.F.
EXERCISES,

1. In a given circle place a chord of given length so as to pass
through a glglen point (i) without, (ii) within the cui‘:la.

- When is this problem impossible ?

In a given circle place a chord of given length so that it ma
hnpunﬂaltglagwenstnighthno. d
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ProrosITION 2. PROBLEM.

In a given circle to inscribe a triangle equiangular to a gien

triangle.
G
D
A :
3 F o ’

Let ABC be the given circle, and DEF the given triangle.
It is required to inscribe in the © ABC a triangle equiangular to
the 2 DEF.

Construction. At any point A, on the O* of the ©® ABC,
draw the tangent GAH. HI 15,

At A make the ~ GAB equal to the . DFE; 1. 23.
and make the - HAC equal to the . DEF. 1. 23.
Join BC.

Then ABC shall be the triangle required.

Proof. Because GH is a tangent to the ©® ABC,
and from A its point of contact the chord AB is drawn,
. the . GAB=the L ACB in the alt. segment : 111. 32.

but the . GAB=the . DFE : Constr.”

‘. the . ACB=the . DFE.

Similarly the . HAC =the . ABC, in the alt. segment :
. the L ABC =the . DEF. Constr.

Hence the third . BAC = the third . EDF,

for the three angles i h tri :
ngiy mgla:f In each triangle are together equ:lat:

.. the A ABC is equi: e R
inscribed inthe@Aag?mmhr *AlSh e

T
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PrROPOSITION 3. PROBLEM.

About a given circle to circumseribe a triangle equiangular
o a qiven triangle.

Let ABC be the given circle, and DEF the given triangle.

It is required to circumscribe about the © ABC a triangle equi-
angular to the ~ DEF.

Construction. Produce EF both ways to G and H.
Find K the centre of the © ABC, L 1.
and draw any radius KB.
At K make the . BKA equal to the - DEG; 1. 23.
and make the - BKC equal to the . DFH.
Through A, B, C draw LM, MN, NL perp. to KA, KB, KC.

Then LMN shall be the triangle required.

Proof. Because LM, MN, NL are drawn perp. to radi

at their extremities.
. LM, MN, NL are tangents to the circle. IIL 16.

And because the four angles of the quadrilateral AKBM

together = four rt. angles ; 1. 32. Cor.
and of these, the .* KAM, KBM are rt. angles; Constr.

. the .* AKB, AMB together = two rt. angles.

But the .* DEG, DEF together = two rt. angles; I 13.
.*. the .* AKB, AMB=the * DEG, DEF;
and of these, the . AKB=the L DEG; Constr.
. the . AMB=the - DEF. |

Similarly it may be shewn that the - LNM = the » DFE.
. the third ~ MLN = the third » EDF. I 32.

.. the A LMN is equiangular to the A DEF, and it is
cireumscribed about the © ABC. Q.E.F.
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PROPOSITION 4. PROBLEM.
To inscribe a circle in a given triangle

A

By C

Let ABC be the given triangle.
It 13 required to inscribe a circle in the /A ABC.

Construction. Bisect the .* ABC, ACB by the st. lines

Bl, CI, which intersect at |. E 9
From | draw IE, IF, 1G perp. to AB, BC, CA. S L
Proof. Then in the A* EIB, FIB,

J the . EBI=the . FBI; Constr.

Because - and the . BEI=the ~ BFI, being rt. angles ;
l and Bl is common ;

IE =IF. I. 26,

Similarly it may be shewn that IF =G,
. IE, IF, IG are all equal.

With centre 1, and radius IE, describe a ecircle.

This circle must pass through the points E, F, G;
and it will be inscribed in the A ABC.

For since IE, IF, 1G, being equal, are radii of the ® EFG;
and since the .* at E, F, G are rt. angles ;  Constr.
.". the © EFG is touched at these points by AB, BC, CA:
: 111 16,
"+ the © EFG is inscribed in the A ABC, .r

.
L
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Nore. From page 111 it is seen that if Al is joined, then Al
bisects the angle BAC : hence it follows that

1'he isectors of the angles of a triangle are concurrent. the point of
intersection being the centre of the inseribed cirele.

The centre of the circle inscribed in a triangle 18 usually called its
in-centre.

DEFINITION.

A circle which touches one side of a triangle and the
other two sides produced is said to be an escribed circle of
the triangle.

To draw an eseribed cirele of a given trianqgle.

Let ABC be the given triangle, of which
the ti__wo sides AB, AC are produced to E N
and F.

It 13 required to describe a circle touching
BC, and AB, AC produced.

Bisect the L* CBE, BCF by the st.
lines Bl;, Cl,, which intersect at I,. 1. 9.
From |, draw |,G, I|H, I,K perp. to

AE, BC, AF. . 12,
Then in the A® |,BG, |,BH, G
the £ ,BG=the £ I,BH, Constr.

and the L |,GB=the L ||HB,
being rt. angles :
o |,B is common ; E
S Ke=LM
Similarly it may be shewn that ||H=1.K ;
~ LG, I|H, LK are all equal.
With centre |, and radius |,G, describe a circle.

This circle must pass through the points G, H, K ;
and it will be an escribed cirele of the /\ ABC.
For since |,H, |,G, ||K, being equal, are radii of the © HGK,
' and since the angles at H, G, K are rt. angles,
*. the © GHK is touched at these points by BC, and by AB, AC

produced :
", the O GHK is an escribed circle of the A ABC. Q.E.F.

It is clear that every triangle has three escribed circles.

. Nore. From 112 it is seen that if Al, is joined, then Al,
bisects the angle BAC : hence it follows that

Because

mﬂebhmnraaftwocﬂeﬁwm vaawemdthebiccﬁorqf
third e are concurrent, point of intersection being the centre
Q"mmw& A

o BALR i
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ProrosiTioON 5. PROBLEM

To circumscribe a circle about a given triangle.

B

Let ABC be the given triangle.
1t is required to circumscribe a circle about the A ABC. |

Construction. Draw DS bisecting AB at rt. angles; 1. 11. |
and draw ES bisecting AC at rt. angles. |

g Then since AB, AC are neither par', nor in the same st. line,

e .. DS and ES must meet at some point 8.  °

e Join 8A ;

o - and if 8 be not in BC, join SB, SC.

. Proot Then in the A* ADS, BDS, -
B . AD = BD, 3
- Because {and DS is common to both ;
R | and the . ADS =the . BDS, being rt. angles

G 2 e e et SR o et

B T .. SA=8B. I-’ 4‘- : l
5 Similarly it may be shewn that SC = SA. '

-

- - -
= e

= | £ -1'..- L) K
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(1) when the centre falls without the triangle, the

angle opposite to the side beyond which the centre falls,
must be obtuse, for it is the angle in a segment less than a
semicircle.

Therefore, conversely, if the given triangle be acute-angled, the
centre of the circumscribed circle falls within it - if it be a right-
angled triangle, the centre falls on the hypotenuse : if it be an
obtuse-angled triangle, the centre falls withot the triangle.

Nore. From page 111 it is seen that if S is joined to the middle
point of BC, then the joining line is perpendicular to BC.

Hence the perpendiculars drawn to the sides of a triangle from
thewr middle points are concurrent, the point of iWudMJ the
centre of the circle circumseribed about the triangle.

The centre of the circle circumscribed about a triangle is usuall
called its circum-centre. T

EXERCISES.

O~ THE INSCRIBED, CIRCUMSCRIBED, AND EsScRIBED CIRCLES OF A
: TRIANGLE.

l. An equilateral triangle is inscribed in a circle, and tangents
are drawn :1(;1 its vertices, prove that :
(i) the resulting figure is an equilateral triangle :
(1) its area is four times that of the given triangle.
Describe a circle to touch two parallel straight lines and a

2.

third straight line which meets them. Shew that two such ecircles

can be drawn, and that they are equal.

3. iangles which have
mw whi ave equal bases and equal vertical anmgles

4. | is the centre of the circle inscribed in the triang
et i e St e i s

A, |, |, are collinear.
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7. The sum of the diameters of the inscribed and circumseri_bml
circles of a right-angled triangle is equal to the sum of the sides

containing the right angle.

8 If the circle inscribed in a triangle ABC touches the sides at
D, E, F, shew that the triangle DEF is acute-angled ; and express
its angles in terms of the angles at A, B, C.

9. If | is the centre of the circle inscribed in the triangle ABC,
and |, the centre of the escribed circle which touches BC; shew

that |, B, |,, C are concyclic.

10. In any triangle the difference of two sides is equal to the
difference of the segments into which the third side is divided at

the point of contact of the inscribed circle.

11. In the triangle ABC the bisector of the angle BAC meets
the base at D, and from | the centre of the inscribed ecircle lTai)er-
pendicular 1E is drawn to BC : shew that the angle BID is equal to

the angle CIE.

~ 12. In the triangle ABC, | and S are the centres of the inscribed
and circumscribed circles: shew that IS subtends at A an angle
equal to half the difference of the angles at the base of the triangle.

- 13. Ina triangle ABC, | and S are the centres of the inscribed
and circumscribed circles, and AD is drawn perpendicular to BC:
shew that Al is the bisector of the angle DAS.

~ 14. Shew that the area of a triangle is equal to the rectangle
contained by its semi-perimeter and the radius of the inscribed teai.rni

- 15. The diagonals of a quadrilateral ABCD intersect at O : shew
that the centres of the“Circles circumseribed about the four triangles
AOB, BOC, COD, DOA are at the angular points of a parallelogram,

- 16. In any triangle ABC, if | is the centre of the inscribed cirel
and if Al is produced to meet the circumscribed circle at O ; shew th:;;
O is the centre of the circle circumseribed about the triangle BIC.

X 17. Given the base altitude, and the radius of the ci
" , : circumscribed
dmh; construct the triangle. ey

18. Describe a circle to intercept equal chords of given length

triangle the radii of the circumseribed and

8 ‘I -
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BOOK IV. PROP. 6. 277
ProprosiTioN 6. PROBLEM.
T'o inscribe a square in a given curcle,
A
C
Let ABCD be the given circle.
It is required to inscribe a square in the © ABCD. |
Construction. Find E the centre of the cirele: 1 1.
mddmrmdiamamm BD perp. to one another. 1 11.
Join AB, BC, CD, DA. A
Then the fig. ABCD shall be the square required. ok jf@

For in the A* BEA, DEA,
BE = DE,
deAkwmmm
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ProrosiTioN 7. PROBLEM.
To circumseribe a square about a given circle.

: Let ABCD be the given circle. a
. It is required to circumscribe a square about the © ABCD.
- Construction. Find E the centre of the ® ABCD: 111 1.
A and draw two diameters AC, BD perp. to one another. 1. 11.
Tlmugh A, B, C, D draw FG, GH, HK, KF perp. to EA, EB,
e Then the fig. GK shall be the square required.

. Proot.  Because FG, GH, HK, KF are drawn perp. to
e ‘. FG, GH, HK, KF are tangents to the circle. 111. 16.
E And bmme the .* AEB, EBG are both rt. angles,  Constr.
e .. GH 1s par‘ to AC. e o5 e
R Similarly FK is par' to AC:
and in like manner GF, BD, HK are par. 1

Emthe figs. GK, GC, AK, GD, BK, GE are par™.

s i:: e e GF and HK ea.eh = BD : 1

e but AC=BD ; 1
2 S ﬂF FK, KH, Hemall aqu_al':

||||||
.

~‘|-.--l' -,
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ProrosiTioN 8 PROBLEM.

1o mscribe a circle in a giwen square.

A E D |
% FK
g S T

Let ABCD be the given square. _
It is required to inscribe a circle in the square ABCD. s

Construction. Bisect the sides AB, AD at F and E. 1. 10. _
Through E draw EH par' to AB or DC: 1. 31.
F draw FK par' to AD or BC, meeting EH at G. =

and their halves are equal AsT.
' . AF=AE.

: But the fig! AG isa par®;  Constr.
- .*. AF=GE, and AE=GF;

ly it may be shewn that GE=GK, and GK=GH:
- e S S . A5 SN e e
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ProrosiTioN 9. PROBLEM

&

To cireumscribe a circle about a gwen square.

b i

i
L

PR

B C

e Let ABCD be the given square.
~ Itis required to circumseribe a circle about the square ABCD.

b Construction. Join AC, BD, intersecting at E.

T Proof. ‘Then in the A* BAC, DAC, 2

e BA=DA, - L Def. 30. e
- Because < and AC is mmmon e '
T .. the . BAC =-t.he & DAO L &
E that i, the diagonal AC bisccts the < BAD.

AC or BD.
Hmmdthez.'m EDA is half a rt.

~ the - EAD=the L EDA:
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DEFINITION. A rectilineal figure about which a cirele
may be described 1s said to be Cyelic.

EXERCISES ON PROPOSITIONS 6-9

1. If a circle can be wnscribed in a quadrilateral, shew that the
sum of one parr of opposite sides 18 equal to the sum of the other pair.

2. If the sum of ome paar of opposite sides of a quadrilateral is
equl to the sum of the other pair, shew that a circle may be inscribed

in the figure.

[ Bisect two adjacent anfles of the figure, and so describe a circle to
touch three of its sides. Then prove indirectly by means of the
last exercise that this circle must also touch the fourth side.]

3. Prove that a rhombus and a square are the only parallelograms
an which a circle can be inscribed.,

~ 4, Al cyclic parallelograms are rectangular.

8. The greatest rectangle which can be inscribed in a given circle
8 @ squanre.

6. Circumscribe a rhombus about a given circle.
7. All squares circumscribed about a given circle are equal.

v 8. The area of a square circumscribed about a cirele is double
of the area of the inscribed square.

9. ABCD is a square inscribed in a circle, and P is ‘y
on the arc AD : shew that the side AD subtends at P an an gle three
times as great as that subtended at P by any one of the ot.her sides.

10. Inscribe a.square in a given square ABCD, so that one of its
angular points shall be at a given point X in AB.

11, In a given square inscribe the square of minimum area.
Describe (i) a circle, (ii) a square about a given rectangle.
Inscribe (1) a circle, (ﬁ)‘qu.h&gwanqnndm&

ABOD is a lqm o in
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ProrosITION 10. PROBLEM, -

To describe an isosceles triangle having each of the angles at
the base double of the third angle.

E 1
C :, 1"&..,‘ i
5—% |

Construction. Take any straight line AB.
Divide AB at C, so that the rect. BA, BC =the sq. on AC.
 § M ¢
With centre A, and radius AB, describe the © BDE ;
and in it place the chord BD equal to AC. . 1.
Join DA.

Then ABD shall be the triangle required.

CJ Join CD ;
" \and about the A ACD clrcumscrlbe a circle. 1V, 5.

Proof. Now the rect. BA, BC= the sq. on AC  Constr.

=the sq. on BD.  Constr.
Hence BD is a tangent to the ® ACD: 1 37.

and from the point of contact D a chord DC is drawn : :
*. the L BDC=the ~ CAD in the alt. segment. III 32.

To each of these equals add the . CDA -
then the whole .~ BDA = the sum of the »* CAD, CDA.

But the ext. . DcB=tha sum of the .* CAD, CDA; 1. 32-

the . DCB=the » BDA. '

AndammAB=AD being radii of the ®
thez..DEA-t.haLEDA
t&aaﬂﬂcmthaz.m
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2. D= kB
that 18, DC =CA: Constr.
.*. the o CAD=the . CDA; I. D.
. the sum of the .* CAD, CDA = twice the angle at A.
But the . ADB = the sum of the .* CAD, CDA; = Proved.
each of the _* ABD, ADB = twice the angle at A.
Q.E.F.

EXERCISES ON PROPOSITION 10,

1. In an isosceles triangle in which each of the angles at the
base is double of the vertical angle, shew that the vertical angle is
one-fifth of two right angles.

A 2. Divide a right angle into five equal parts.

3. Describe an isosceles triangle whose vertical angle shall be
|- three times either angle at the base. Point out a triangle of this
kind in the figure of Proposition 10,

4. In the figure of Proposition 10, if the two circles intersect ad F,
shew that BD =DF.

5. In the figure of Proposition 10, shew that the circle ACD s
equal to the circle circumscribed about the triangle ABD.

6. In the figure of Proposition 10, if the two circles intersect at
F, shew that

(i) BD, DF are sides of a regular decagon inscribed in the

circle EBD.
(ii) AC, CD, DF are sides of a regular pentagon inscribed
in the circle ACD.

X 7. In the figure of Proposition 10, shew that the centre of the
Mha e:rcu‘c Dmacri about tﬁ triangle DBC is the middle point of
the arc CD.

8. Intheﬁgmofrmmﬁmm,ammmaf the circle
B

inscribed in the triangle ABD, and I’, S’ the centres of the inscribed
and circumscribed circles of the triangle DBC, shew that 8'1=8'l".
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ProrosiTioNn 11. PRrOBLEM.
1o inseribe a regular pentagon in a given circle.

A
F
B E
G H c D

Let ABC be a given circle.
It is required to inscribe a regular pentagon in the & ABC.

Construction. Describe an isosceles A FGH, having eack
of the angles at G and H double of the angle at F.  1v. 10.

In the ©® ABC inscribe the A ACD equiangular to the
4 FGH, Iv. 2
80 that each of the .* ACD, ADC is double of the ~ CAD.

Bisect the .* ACD, ADC by CE and DB, which meet the
O™ at E and B. L-9.

Join AB, BC, AE, ED.
Then ABCDE shall be the required regular pentagon.

Proof. Since each of the<* ACD, ADC = twice the » CAD ;
and since the .* ACD, ADC are bisected by CE, DB,
. the five .* ADB, BDC, CAD, DCE, ECA are all equal.
", the five arcs AB, BC, CD, DE, EA are all equal. 111 26, |
. the five chords AB, BC, CD, DE, EA are all equal. 111. 29,

. the pentagon ABCDE is equilateral.
Again the arc AB = the arc DE ; Proved,

to each of these equals add the are BCD -
. the arc ABCD = the are BCDE :

hence the angles at the O* which stand upon these
equal arcs are equal : 1. 27.

that is, the . AED = the . BAE.

In like manner the remaini f the pentagon
may be shewn to be equal ; % 0 sk

" the pentagon ABCDE is uiangular, _
Hence the ntagon, being bothequuﬂamal and equi-
angular, is regy ;mdltumwﬁbedmthoem.j?“..

"'—"'P—-'l--l-l--_-.- (3 o S—

- & T -
Nl : Ay : 3
d v je : -...'. T2 L

e . » : # - .
¥ . i R : - i

. * L

g ol Al | " . :
-




o
a0
-y

BOOK 1V. PROP 12.

ProrosiTioN 12. ProeLEM.

1o circumseribe a reqular pentagon about a gwen circle.

K C ke

Let ABCD be the given circle.
It is required to circumseribe a reqular pentagon about the
) ABCD.
Construction.
Inseribe a regular pentagon in the © ABCD, 1v. 11.
and let A, B, C, D, E be its angular points.
At the points A, B, C, D, E draw GH, HK, KL, LM, MG,

tangents to the circle. . 17.
Then shall GHKLM be the required reqular pentagon.
Find F the centre of the © ABCD : r 1.
and join FB, FK, FC, FL, FD.
Proof. In the A" BFK, CFK,

BF = CF, being radii of the circle,
B ise and FK 18 common ;
and KB=KC, being tangents to the circle from

the same point K ; . 17, Cor.
.*. the . BFK =the . CFK, I 8.
also the .~ BKF =the . CKF. L. 8, Cor.

Hence the . BFC = twice the - CFK,
and the . BKC = twice the . CKF.
Similarly it may be shewn
that the . CFD =twice the . CFL,
and that the . CLD = twice the » CLF.

But since the arc BC =the arc CD, v. 11.
.*. the . BFC=the . CFD; e 27.
and the halves of these angles are equal,

that is, the . CFK =the . CFL.
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SR L

Then in the A® CFK, CFL,
the . CFK = the . CFL, Proved.

Because{ and the . FCK = the . FCL, being rt. angles, 111. 18,
and FC is common ; |

Vo OK=20L I. 26.
and the » FKC =the » FLC.

Hence KL is double of KC; similarly HK is double of KB,
And since KC = KB, nr. 17, Cor.
. KL=HK.

In the same way it may be shewn that every two con-
secutive sides are equal ; 4 .
. -’ the pentagon GHKLM is equilateral.
it has been proved that the . FKC = the . FLC,

and A the .* HKL, KLM are respectively double of these
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ProrosiTiON 13. PROBLEM.

T'o wnscribe a curele wm a gwen reqular pentagon.

Let ABCDE be the given regular pentagon.
It is required to inscribe a circle within the figure ABCDE.

Construction. Bisect two consecutive .* BCD, CDE by

CF and DF which intersect at F. I. 9.
Join FB;
and draw FH, FK perp. to BC, CD. I 12.
Proof. - In the A* BCF, DCF,

BC = DC, Huyp.

Because{and CF is common to both ;
and the » BCF =the . DCF ; Constr.,
-. the . CBF =the L CDF. I 4.

But the ~ CDF is half an angle of the regular pentagon :

.*. also the - CBF is half an angle of the regular pentagon :
that is, FB bisects the - ABC.

So it may be shewn that if FA, FE were joined, these
lines would bisect the * at A and E.
Again, in the A* FCH, FCK,
the ~ FCH =the . FCK, Constr.
Because{ and the . FHC =the . FKC, being rt. angles ;

also FC 18 common ;
s FH=FK. 1. 26.

Similarly if FG, FM, FL be drawn perp. to BA, AE, ED,

it may be shewn that the five iculars drawn from F
to the sides of the pentagon are all equal. :
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With centre F, and radius FH, describe a cirele ;
this circle must pass through the points H, K, L, M, G;

and it will be touched at these points by the sides of the
pentagon, for the .* at H, K, L, M, G are rt. .. Constr.

.*. the ® HKLMG is inscribed in the given pentagon. Q.E.F.

COROLLARY. The biseclors of the amgles of a reqular
pentagon meet at a poind.

Nore. In the same way it may be shewn that the bisectors of the
angles of any regular polygon meet at a point. [See Ex. 1, p. 294.]

[For Exercises on Regular Polygons see p. 293.]

MISCELLANEOUS EXERCISES.

1. Two mmm, AC are drawn from an external point A to
a given circle ; be a circle to touch AB, AC and the convex are

intercepted by them on the given circle.

2. ABC is an isosceles triangle, and from the vertex A a straight
Emhdmwnﬁomoetthebueit D and the circumference of the

circumscribed circle at E : shew that AB j tangent to the circle
circumscribed about the triangle BDE. s
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ProrosiTioN 14. PROBLEM.

Tu r'}:}'r‘u,;n,ur';'{.'/;r’ a circle about a f[?:'?}ﬁfb ?‘f-g';ulm' ]}fﬂﬂ{(.{fﬁrﬂ_

[.et ABCDE be the given regular pentagon.
It is required to circumscribe a circle about the figure ABCDE.

Construction. Bisect the »* BCD, CDE by CF, DF, inter-

gecting at F. )
Join FB, FA, FE.

Proof. In the ~* BCF, DCF,
BC = DC, Huyp.
Because { and CF is common to both ;
and the ~ BCF =the . DCF; Constr.
.. the . CBF =the . CDF. & 5

But the ~ CDF is half an angle of the regular pentagon :

-. also the  CBF is half an angle of the regular pentagon :
that is, FB bisects the . ABC.

So it may be shewn that FA, FE bisect the .* at Aand E.

Now the .* FCD, FDC are each half an angle of the
given regular pentagon ;
. the . FCD=the . FDC, 1v. Def. 2.
.. FC=FD. L G
Similarly it may be shewn that FA, FB FC, FD, FE are
all equal.

With centre F, and radius FA, describe a circle :
this circle must pass through the points A, B, C, D, E,
and therefore is circumscribed about the pentagon. Q.E.F.

Note. In the same way a circle may be circumscribed about any
regular polygon.

H.S.E. T
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ProprosiTiON 15. PROBLEM.
To inscribe a reqular hexagon in a given circle.

Let ABDF be the given circle.
1t is required to inscribe a reqular hexagon in the ©® ABDF.

Construction. Find G the centre of the ® ABDF ; 111 1.
and draw a diameter AGD.

With centre D, and radius DG, describe the ® EGCH.

Join CG, EG, and produce them to cut the O of the
given circle at F and B.

t Join AB, BC, CD, DE, EF, FA.

A Then ABCDEF shall be the required regular hezagon.
Proof. Now GE =GD, being radii of the © ACE -
SR AT and DG = DE, being radii of the ® EHC:
-« GE, ED, DG are all equal, and the A EGD is equilateral.
2 1ce the 2 EGD = one-third of two rt. angles. I 32.
- Similarly the . DGC = one-third of two rt. angles.
h&a;_' EGD, DGC, CGB together =two rt. angles; 1 13,

- the remaining . CGB=one third of two rt. angles.
e mﬁlthu ' EGD, DGC, CGB are equal to one another.

- And to these :!:flel the vert. opp. .* BGA, AGF, FGE

T ED, Do, equal : 1L 26.

.......
: I-i.‘_?;_l' " § il 5
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that 18, the . FED =the _ AFE. 111, 27.

In like manner the remaining angles of the hexagon
may be shewn to be equal.

.*. the hexagon is equiangular ;

.. the hexagon ABCDEF is regular, and it is inscribed in the
© ABDF. Q.E.F.

COROLLARY. The side of a regular hexagon inseribed in
a circle is equal to the radius of the circle.

s SUMMARY OF THE PROPOSITIONS OF BOOK IV. -

-

- ]
i =
=

R hllovins - summary will assist the student in rememberi =
| J— (i) Of the sixteen Propositions of this Book, Props. 1, 10, 15, 16 b

i

I N i i 1 e, -3 15 _-.: 1.'. mi . .
- " o - - I-l . r .. ‘l

[}
L
£ Y
e B
i -
Lo L

.

- (b)) Group2. Props. 6, 7, 8, 9 deal with squares and eircles.
~ (¢) Group 3. Props. 11, 12, 13, 14 deal with pentagons Y T

W
’

e
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ProrosiTION 16. PROBLEM.

To wnscribe a reqular quindecagon in a given circle.

Let ABCD be the given circle.
It 1s required to inscribe a regular quindecagon in the ® ABCD.
Construction.

In the © ABCD inscribe an equilateral triangle, 1v. 2,
and let AC be one of its sides.

In the same circle inscribe a regular pentagon, 1v. 11.
and let AB be one of its sides.

Proof.

Now of such equal parts as the whole O* contains fifteen,
the arc AC, which is one-third of the O, contains five,

and the arc AB, which is one-fifth of the O%, contains three ;
.*. their difference, the arc BC, contains two.

Bisect ﬂhe a.rc_BC at E : 1. 30

" 1f BE, EC be joined, and st. lines equal to them be
placed successively round the circle, a regular quindecagon
will be ' Q.E.F.

mnscribed in it
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BOOK IV. EXERCISES ON PROPS. 11—16. 293

EXERCISES ON PROPOSITIONS 11-—16.

1. Express in terms of a right angle the magnitude of an angle
of the following regular polygons :
(1) a pentagon, (1) a hexagon, (iii) an octagon,
(iv) a decagon, (v) a quindecagon.

2. Any angle of a regular pentagon is trisected by the straight
lines which join it to the opposite vertices,

3. In a polygon of n sides the straight lines which join any
angular point to the vertices not adjacent to it, divide the angle
into n — 2 equal parts.

™ 4. Shew how to construct on a given straight line
(i) a regular pentagon, (ii) a regular hexagon, (iii) a regular octagon.

5. An equilateral triangle and a regular hexagon are inscribed
in a given circle ; shew that

(i) the area of the triangle is half that of the hexagon ;

(ii) the square on the side of the triangle is three times the
square on the side of the hexagon.

“ 6. ABCDE is a regular pentagon, and AC, BE intersect at H :
shew that

(i) AB=CH=EH.

(ii) AB is a tangent to the circle circumscribed about the
triangle BHC. :

(iii) AC and BE cut one another in medial section.

" 9. The straight lines which join alternate vertices of a regular
pentagon intersect so as to form another regular pentagon.

8. The straight lines which join alternate vertices of a regular
polygon of = sides, intersect so as to form another regular polygon
of n sides.

If n=6, shew that the area of the resulting lrexagon is one-third
of the given hexagon. ;

9. By means of 1v. 16, inscribe in a circle a triangle whose
angles are as the numbers 2, 5, 8.

10. Shew that the area of a regular hexagon inscribed in a circle
is three-fourths of that of the corresponding circumscribed hexagon.
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NOTE ON REGULAR POLYGONS.

The following propositions, proved by Euclid for a regular penta-
gon, hold good for all regular polygons.

1. The lnsectors of the angles of any regular polygon are con-
current.

Let D, E, A, B, C be consecutive angular D

points of a regular polygon of any number of O
sides. R C
Bisect the L* EAB, ABC by AO, BO, which E
intersect at O. A 4
e Join EO.

It 1s required to prove that EO bisects the L DEA.
For in the A* EAO, BAO,

EA=BA, being sides of a regular polygon ;
Because and AQ is common :
and the L EAO=the L BAO : Constr.
. the L OEA=the L OBA. 1. 4.
But the L OBA is half the L ABC : Constr,

also the L ABC=the L DEA, since the polygon is regular ;
> the L OEA is half the L DE%:
that is, EO bisects the L DEA.

Similarly if O be joined to the remaining angular points of the

j)oly it may be proved that each joining line bisects the angle
to wm vertex it is drawn. : e .

That is to say, the bisectors of the angles of the polygon meet at
the point O. Q.E.D.
CorROLLARIES. Since the L EAB=the L ABC; Huyp.
and since the L* OAB, OBA are reaBpectively half of the L* EAB, Adg -
B - T A OSAzgle L OBA:
=0B. « Q.
Similarly OE - OA. i

Hence the bisectors of the angles of a regular polygon are all equal,

hwﬂﬂmmwhmreo,mdmﬁmﬁgﬂ
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2. If a polygon inscribed in a circle is equilateral, it is also
equaangular,
[Let AB, BC, CD be consecutive sides of an
equilateral polygon inscribed in the (© ADK,
T'hen shall this polygon be equiangular,
Because the chord AB =the chord DC. Hyp.
’. the minor arc AB = the minor arc DC. 111. 28. A
To each of these equals add the arc AKD :
then the arc BAKD =the arc AKDC :
. the angles at the ¢, which stand on these g
equal arcs, are equal ;

that is, the L BCD =the £ ABC. 111 27. C D

Similarly the remaining angles of the polygon may be shewn to
be equal :

the polygon is equiangular. Q.E.D.

3. If a polygon wnscribed in a circle is equiangular, it is also
equilateral, provided that the number of its sides is odd.

[Observe that Theorems 2 and 3 are only true of polygons
inscribed in a circle.

Fig. 1.

Fig. 2.

The above figures are sufficient to shew that otherwise a polygon
may be equilateral without bein%equiangular, Fig. 1; or equiangu
without being equilateral, Fig. 2.]

Nore. The following extensions of Euclid’s constructions for
Regular Polygons should be noticed.

By continual bisection of arcs, we are enmabled to divide the
circumference of a circle,

by means of Proposition 6, into 4, 8, 16,..., 2.2", ... equal parts;
by means of Proposition 15, into 3, 6, 12,..., 3.2",... equal parts
by means of Proposition 11, into 5, 10, 20,..., 5.2",... equal parts
by means of Proposition 16, into 15, 30, 60,..., 15. 2", ... equal parts.

Hence we can inscribe in a circle a regular polygon the number
of whose sides is included in any one of the fgl?:lmﬁ?.ﬁ', 3.2,
5.27 15.2", n being any positive integer. It has also been shewn

1 thol 2%+ 1 sides may be

- We e
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QUESTIONS FOR REVISION ON BOOK 1V,

1. With what difference of meaning is the word wnscribed used
in the following cases ?
(i) a trangle inscribed 1n a circle ;
(ii) a circle inscribed in a triangle.

2. What is meant by a cyclic figure? Shew that all triangles

are cyclic.

L What is the condition that a quadrilateral may be cyelic ? |
Shew that cyclic parallelograms must be rectangular. |

| 3. Shew that the only regular figures which may be fitted
er so as to form a plane surface are (i) equilateral triangles, l

(ii) squares, (iii) regular hexagons.

X 4. Employ the first Corollary of 1. 32 to shewgi(;hat;)n any ‘
n - .

regular polygon of n sides each interior angle contains -
P «  B. The bisectors of the angles of a regular polygon are concurrent.
e State the method of proof employed in this and similar theorems.
X 6. Shew that
(i) all squares inscribed in a given circle are equal ; and
(ii) all equilateral triangles circumscribed about a given
circle are equal.
7. How many circles can be described to touch each of three e
given straight lines of unlimited length ?
(1) when no two of the lines are parallel ;
(ii) when two only are parallel ;
(111) when all three are parallel.

right

: ﬁ % .:h ‘;l‘he radius of a given circle is 10 inches: find the len gth of
R (i) the circumscribed square ; [20 inches. )

(ii) the inscribed square ; V2 inches. ]
s (iii) the mscnbed equilateral triangle ; [104/3 inches. ]
e (iv) - the circumscribed equilateral triangle ; [204/3 inches, ]

S (v) the inscribed regular hexagon.
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ON THE TRIANGLE AND ITS CIRCLES.

L
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In the triangle ABC, | is the centre of the inscribed circle, and
the centres of the escribed circles touching respectively the sides
AB and the other sides produced.

A r




] L
_ _'.,_ }
L3
.- d‘l‘

o |
Ll
e T ¢
‘4 r
.
B r

X

:., e
LN
Z e

»
h-:_._._ :
L] k= '-.I. P
= -
AT =
L SR
’
. A

L
¥
.
;) A
iy

r*-g',ri-'!-' & .

i

N

Mt -

i e

RS Tl |

Py o 8
b -

THEOREMS AND EXAMPLES ON BOOK 1V. 299

3.  With the notation of page 297, shew that in a triangle ABC,
if the angle at C is a right angle,

r=8-C; r;=8-0; ry=8-a; ry=a

4. With the figure given on Ea, e 298, shew that if the circles
whose centres are |, |,, |,, |, touch gat D, D, D,, D,, then
(i) DD,=D,D,=b. (if) DD,=D,D,=e¢.
(1i1) D,D,=b+e. (iv) DD,=b=ec.

5. Shew that the orthocentre and vertices of a triangle are the
centres of the inscribed and escribed cireles of the pedal triangle.

[See Ex. 20, p. 243.]

6. Given the base and vertical angle of a triangle, find the locus of
the centre of the inscribed circle. [See Ex. 36, p. 246. ]

7. Given the base and vertical angle of a triangle, find the locus of
the centre of the escribed circle which touches the base.

8. Given the base and vertical angle of a triangle, shew that the
centre of the circumscribed circle is fixzed.

9. Given the base BC, and the vertical angle A of a tri ;
find the locus of the centre of the escribed circle which touches AC.

10. Given the base, the vertical angle, and the radius of the
inscribed circle ; construct the triangle.

11. Given the base, the vertical angle, and the radius of the
escribed circle, (i) which touches the base, (ii) which touches one
of the sides containing the vertical angle ; construct the triangle.

12. Given the base, the vertical angle, and the point of contact
with the base of the inscribed circle ; construct the triangle.

- 13. Given the base, the vertical angle, and the point of contact
with the base, or base produced, of an escribed circle ; construct the
triangle. |

14. From an external point A two tangents AB, AC are drawn

to a given circle ; and the angle BAC is bisected by a straight line
which meets the circumference in | and |, : shew that | is the centre
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17. With three given points as centres describe three circles

touching one another two by two. How many solutions will
there be ?

18. Two tangents AB, AC are drawn to a given circle from an
external point A; and in AB, AC two points D and E are taken so

that DE is equal to the sum of DB and EC : shew that DE touches
the circle.

19.  Given the perimeter of a triangle, and one angle in magni-

tude and position : shew that the opposite side always touches a
fixed circle.

20. Given the centres of the three escribed circles ; construct
the triangle.

21. Given the centre of the inscribed circle, and the centres of
two escribed circles ; construct the triangle.

22. Given the vertical angle, perimeter, and the length of the
bisector of the vertical angle ; construct the triangle.

23. Given the vertical ang¥e, perimeter, and altitude ; construct
the triangle.

24. Given the vertical angle, perimeter, and radius of the in-
scribed circle ; construct the triangle.

25. (Given the vertical angle, the radius of the inscribed circle,
and the length of the perpendicular from the vertex to the base ;
construct the triangle.

26. Given the base, the difference of the sides containing the
vertical angle, and the radius of the inscribed circle ; construct the
triangle. [See Ex. 10, p. 276.]

27. Given a vertex, the centre of the circumscribed circle, and
the centre of the inscribed circle, construct the triangle.

28. In a triangle ABC, | is the centre of the inscribed circle ;
shew that the centres of the circles circumscribed about the triangles
BIC, CIA, AIB lie on the circumference of the circle circumscribed
about the given triangle.

29. In a triangle ABC, the inscribed circle touches the base BC

at D; and », 7, are the radii of the inscribed circle and of the
escribed cirele which touches BC : shew that ».»,=BD .DC.

30. ABC is a triangle, D, E, F the points of contact of its
inscribed circle; and D’E’'F’ is the pedal triangle of the triangle
DEF : . shew that the sides of the triangle D’E’F’ are parallel to
those of ABC.

3l. In a triangle ABC the inscribed circle touches BC at D.
Shew that the circles inscribed in the triangles ABD, ACD touch
one another.
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Ox THE NINE-PoiNTs CIRCLE.

32. In any triangle the middle points of the sides, the feet of the
perpendiculars drawn from the vertices to the opposite sides, and the
middle points of the lines joiming the orthocentre to the vertices ore
concyclac.

In the A ABC, let X, Y, Z be
the middle points of the sides BC,
CA, AB; let D, E, F be the feet
of the perp® drawn to these sides
from A, B, C; let O be the ortho-
centre, and a, B, v the middle

points of OA, OB, OC.

Then shall the nine poinis X, Y, Z,
D, E, F, «, 8, v be concyclac.
Join XY XZ,- Xo., Y, Za.
Now from the A ABO,
since AZ=27B, and Aa=a0, Hyp.
2 Za is par! to BO. Hx. 2, p. 104.
And from the A ABC, since BZ=ZA, and BX=XC, Hyp.
-, ZX is par! to AC.
But BO produced makes a rt. angle with AC ; Hyp.
-. the L XZa is a rt. angle.

Similarly, the L XYa is a rt. angle. 1. 29.
. the points X, Z, a, Y are concyclic:

that is, « lies on the Oce of the circle, which passes through X, Y, Z;
and Xa is a diameter of this circle.

Similarly it may be shewn that 8 and y lie on the O of the
circle which passes through X, Y, Z.

Again, since aDX is a rt. angle, Hyp.
. the circle on Xa as diameter passes through D.

Similarly it may be shewn that E and F lie on the circumterence
of the same circle.

. the points X, Y, Z, D, E, F, a, B, v are concyclic. Q.E.D.

From this property the circle which passes through the middle
points of the sides of a triangle is called the Nine-Points Circle ;
many of its properties may be derived from the fact of its being the
circle circumseribed about the pedal triangle.

—

5
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33. To prove that
B (i) the centre of the nine-points circle is the middle point of
e the straight line which joans the orthocentre to the circumscribed centre.
(il) the radius of the mine-points circle is half the radius of
~ the circumscribed circle.
| (iii) the centrowd s collinear with the circumscribed centre, the
: nine-points centre, and the orthocentre.

In the & ABC, let X, Y, Z be the
midadle points of the sides; D, E, F
the feet of the : O the ortho-

. centre; S and N the centres of the
circumseribed and nine-pointscircles

that N is the

At 18, these | _ st;h&middla point of SO :
~ 4Andsince AD ¢ ¥ are ¢ e nine-points circle

= _the intersection of the lines which bisect XD and EY at rt, angles
o the centre th middle point of SO
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(ili) 7o prove that the centroid is collinear with points S, N, O,

Join AX and draw ag par' to SO.
Let AX meet SO at G.

Then from the A AGO, since Aa=a0, and ag is par! to OG,

.. Ag=gG. Ex. 1, p. 104,
And from the A Xag, since aN=NX, and NG is par' to ag,

{]G :GX

;. AG=% of AX ;

“. G is the centroid of the triangle ABC. Ex. 4, p. 113.
That is, the centroid is collinear with the points S, N, O. qQ.E.D.

34. Ghven the base and vertical angle of a triangle, find the locus
of the centre of the nine-points circle.

35. The nine-points circle of any triangle ABC, whose ortho-

centre is O, is also the nine-points circle of each of the triangles
AOB, BOC, COA.

36. If I, 1, |, |; are the centres of the inscribed and escribed
circles of a triangle ABC, then the circle circumscribed about ABC
is the nine-points circle of each of the four triangles formed by
joining three of the points |, |, |, I,

37. All triangles which have the same orthocentre and the same
circumscribed circle, have also the same nine-points cirele.

38. Given the base and vertical angle of a triangle, shew that
one angle and one side of the pedal triangle are constant.

39. Given the base and vertical angle of a triangle, find the

locus of the centre of the circle which passes through the three
escribed centres.

Nore. For another important property of the Nine-points Circle
see Miscellaneous Examples on Book V1., Ex. 60.

II. MISCELLANEOUS EXAMPLES.

1. If four circles are deseribed to touch everythreesidmofa
quadrilateral, shew that their centres are concyclic.

2. cheaﬂaightﬁnuwmmm;qglmdamtmml
figure are concurrent, a circle may be inscribed in the figure.
3. Within a given circle describe three equal circles touching
given circle. ' _
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5. Given an angle and the radil of the inscribed and eircum.-
scribed circles ; construct the triangle.

6. Given the base, an angle at the base, and the distance be-
tween the centre of the inscribed circle and the centre of the
escribed cirele which touches the base ; construct the triangle,

7. In a given circle inscribe a triangle such that two of its sides
may pass through two given points, and the third side be of given
length.

8. In any triangle ABC, |, |, |,, |, are the centres of the in-

scribed and escribed circles, and S,, S;, S. are the centres of the
circles circumscribed about the triangles BiJC, CIA, AIB : shew that

the triangle §,5,8; has its sides parallel to those of the triangle I,1,1,,
and is oge-fr?t}rﬂl of it in area: also that the triangles ABC and

8,8,5; have the same circumscribed circle.
9. O is the orthocentre of a triangle ABC : shew that
AO?+BC*=B0O?+CA*=C0O2+ AB2=d?,
where d is the diameter of the circumscribed circle.
10. If from any point within a regular polygon of n sides per-

pendiculars are drawn to the sides, the sum of the perpendiculars is
equal to n times the radius of the inscribed circle.

11. The sum of the ‘})erpendicula.rs drawn from the vertices of a

regular polygon of n sides on any straight line is equal to n times
the per[nncﬁcula.r drawn from the centre of the inscribed circle.

' 12, Thearea of a cyclic ctl]uadrila.t»era.l is independent of the order

in which the sides are placed in the circle.

13. Givan the orthocentre, the centre of the nine-points circle,
and the middle point of the base ; construct the t,riangf:?

14. Of all polygons of a given number of sides, which may be
inscribed in a given circle, that which is regular has the maximum
area and the maximum perimeter.




*«" DBook V. is mow very rarely read. The subject-matter,
so far as it s wntroductory to Book VI., is dealt with in a
sumpler manner at page 317, in the chapter called ¢ Elementary
Principles of Proportion.” The student is advised to proceed
at once to that chapter, leaving Book V. in its stricter form
to be studied at a later stage, if it is thought desirable.

BOOK V.

Book V. treats of Ratio and Proportion, and the method ad

i8 such as to place these subjects on a basis independent of arith-
metical principles.

The following notation will be employed throughout this section.

Capital letters, 4, B, C, ... will be used to denote the magnitudes
themselves, not any numerical or algebraical measures of them, and
small letters, m, n, p, ... will be used to denote whole numbers.
Also it will be assumed that multiplication, in the sense of repeated
addition, can be applied to any magnitude, so that m. 4 or md
will denote the magnitude A taken m times.

The symbol > will be used for the words greater than, and < for
less than.

DEFINITIONS.

Definition 1. One magnitude is said to be a multiple of another,
when the first contains the second an exact number of times.

Definition 2. One magnitude is said to be a submultiple of
another, when the first is contained an exact number of times in the
second.

The following properties of multiples will be assumed as self-
evident.

(1) mAd >, =, or < mB according as 4 >, =, or < B; and
conversely.

(2) mA+mB+..=m(4A+B+...).

(3) If A> B, then m4d -mB=m(A4 - B).

(4) mA+nd+..=(m+n+..)A.

(5) If m>n, then m4d ~nd =(m-n) A.

(6) m.nAd=mn.A=nm.Ad=n.mA.

H.8.E. U
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Definition 3. The Ratio of one magnitude to another of the same
kind is the relation which the first bears to the second in respect of

quantuplicity.
The ratio of A to B is denoted thug. A:B: and A is called the
antecedent, B the consequent of the ratio.

The term gquantuplicity denotes the capacity of the first magnitude
to contain the second with or without remainder.

If the magnitudes are commensurable, their quantuplicity may be
expressed numerically by observing what multiples of the two
magnitudes are equal to one another.

Thus if 4=ma, and B=na, it follows that n4 =mB. In this
case A==’£B, and the quantuplicity of 4 with respect to B is the

arithmetical fraction %

But if the magnitudes are incommensurable, no multiple of the
first can be equal to any multiple of the second, and therefore the
quantuplicity of one with respect to the other cannot exactly be

numerically : in this case it is determined by examining
how the multiples of one magnitude are distributed among the
multiples of the other.

Thus, let all the multiples of 4 be formed, the scale extending ad
infinitum ; also let all the multiples of B be formed and placed in
their proper order of magnitude among the multiples of 4. This
forms the relative scale of the two magnitudes, and the quantuplicity
of 4 with respect to B is estimated by examining how the multiples
of A are distributed among those of B in their relative scale.

In other words, the ratio of 4 to B is known, if for all integral
vwii: m we know the multiples B and (n+ 1) B between which
~In the case of two given magnitudes 4 and B, the relative scale

is definite, and is different from that of 4 to C, if C
differs from B by any magnitude however small.
| D

| be the difference between B and C'; then however
all D lufnbo, it will be ible to find a number m such that

-. this case, mB and mC would differ by a magnitude
greater than 4, and therefore could not lie betwmythe same two

I. mh of 4 ; so that after a certain (})omt thf relative scale of 4

| B would differ from that of 4 and
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Definition 5. The ratio of one magnitude to another is equal
to that of a third magnitude to a fourth, when if any equimultiples
whatever of the antecedents of the ratios are taken. and also any
equimultiples whatever of the consequents, the multiple of one
antecedent is greater than, equal to, or less than that of its con-
sequent, according as the multiple of the other antecedent is greater
than, equal to, or less than that of its consequent.

Thus the ratio 4 to B is equal to that of ¢ to D when
mC >, =, or < nl) according as md4 >, =, or < nB, whatever whole
numbers m and n may be.

Again, let m be any whole number whatever, and n another
whole number determined in such a way that either mA is equal to
nB, or mA lies between nB and (n+1)B : then the definition asserts
that the ratio of 4 to B is equal to that of C to D if mC=nD when
mA =nB; or if mC lies between n0) and (n+1)D when mA lies
between nB and (n+1) B.

In other words, the ratio of 4 to B is equal to that of C to D
when the multiples of 4 are distributed among those of B in the
same manner as the multiples of ' are distributed among those of D.

When the ratio of 4 to B is equal to that of € to D the four
itudes are called proportionals. This is expressed by saying

“A wsto Bas CistoD,” and the proportion is written
A:iB::C:D o A:B=0:D.

A and D are called the extremes, B and (' the means; also D is
said to be a fourth proportional to 4, B, and (.

Definition 6. Two terms in a proportion are said to be homo-
logous when they are both antecedents, or both consequents of the
ratios.

Definition 7. The ratio of one magnitude to another is greater
than that of a third magnitude to a fourth, when it is ible to find
equimultiples of the antecedents and equimultiples of the consequents
such that while the multiple of the antecedent of the first ratio
is greater than, or equal to, that of its consequent, the multiple of
the antecedent of the second is not greater, or is less, than that
of its consequent.

This definition asserts that if whole numbers m and n can be
found such that while m4 is ter than nB, mC is not greater
than nD, or while mA4 =nB, mC is less than nD, then -the ratio of
A to B is greater than that of C to D.

If A is equal to B, the ratio of 4 to B is called a ratio of
equality. |

If A is greater than B, the ratio of 4 to B is called a ratio of
greater inequality.

If A is less than B, the ratio of 4 to B is called a ratio of less
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Definition 8. Two ratios are said to be reciprocal when the
antecedent and consequent of one are the cnns&q_uent. and antecedent
of the other respectively ; thus B : 4 is the reciprocal of 4 : B,

Definition 9. Three magnitudes of the same kind are said to
be proportionals, when the ratio of the first to the second is equal
to tgmt of the second to the third. |

Thus 4, B, C are proportionals if
A:B:: B:C.
B is called a mean proportional to 4 and C, and (' is called a
third proportional to 4 and B.

ition 10. Three or more magnitudes are said to be in
continued proportion when the ratio of the first to the second 1is |
to that of the second to the third, and the ratio of the second .

to the third is equal to that of the third to the fourth, and so on. ~.

ition 11. When there are any number of magnitudes of the
same kind, the first is said to have to the last the ratio compounded
of the ratios of the first to the second, of the second to the third,

B2 “and so on up to the ratio of the last but one to the last magni
e For example, if 4, B, C, D, E be magnitudes of the same kind,
s .5 :iis the ratio compounded of the ratios 4: B, B:C, C: D, and
i
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Definition 13. When three magnitudes are proportionals, the
first is said to have to the third the duplicate ratio of that which

it has to the second.

Thus if A:B::B:C,
then A is said to have to €' the duplicate ratio of that which it has
to B.

J e A: B
Nince A 'C_{B:C,

it is clear that the ratio compounded of two equal ratios is the
| duplicate ratio of either of them.

Definition 14.  'When four magnitudes are in continued proportion,
the first is said to have to the fourth the triplicate ratio of that

which it has to the second.
It mav be shewn as above that the ratio compounded of three
equal ratios is the triplicate ratio of any one of them.

r
4
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ProrosiTionN 3. '
Invertendo or Inversely. I/ two ratios are equal, their reciprocal |
ratios are equal. :
Let A:B::0C : D, :
then shall B:4::D:0C. {
For, by hypothesis, the multiples of 4 are distributed among
those of g in the same manner as the multiples of ' are among '_
those of D.

therefore also, the multiples of B are distributed among those of 4
in the same manner as the multiples of D are among those of C.

That is, B:4::D:0C.

Nore. This proposition is sometimes enunciated thus :

If four magnitudes are proportionals, they are also proportionals
when taken inversely.

PrOPOSITION 4.
Equal magnitudes have the same ratio to the same magnitude ; and

the same mgmmde has the same ratio to equal magnitudes.
Let A, B, C be three magnitudes of the same kind, and let 4 be
equal to B ; S
then shall : A:C::B:C "
and U: 4::0U: 5.
Since 4 = B, their multiples are identical and therefore are dis-
tributed in the same way among the multiples of C. T
s A:0::8:0, Def. 5.
: also, invertendo, OC:4::0C:B. ; V. 3. £
i PROPOSITION 5. i
o Of two itudes, the greater has a greater rati o
I&rdf mmm less M.s and the same nwgmi;gjw h: :

Jhtwmﬁ O I“ . M oy
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Secondly, let Bbe < A4;
then shall C:Bbe>C: A
For taking m and n as before,
nC > mB, while n(’ is not > m4 ;
O:8B>0: A. Def. 7.

ProrosiTion 6.

Magnitudes which have the same ratio to the same
equal to ome another ; and those to which the same magnitude has ﬂn

same ratio are equal to one another.

First, let 4A:C:: B:C;
then shall A=B.
Forif A > B, then A : C> B: C,
and if B> A4, then B: C> A : C, v. 5.
which contradict the hypothesis ;
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g let C: Abe>C: B;

~ then shall A be < B.

"“-ﬁ For if A =5, then O:4::0: 85, V. 4
s which is contrary to the hypothesis.

o AMUA>B the O:4<C:35; v. 5.

f M is contrary to the hypothesis ;
S 5oA< B

g ProrosiTION 8.
have the same ratio to one another which thewr equi-

Let A4, B be two magnitudes ;
A:B::mA:mB.

If p, ¢ be any two whole numbers,

then m.pd >, =,or <m.qB

=, or < ¢B.

=, or < g.mbB A
=, or < ¢B; _
::md : mB. Dtk -
U: D | okt

g
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Prorosiriox 10.

If four magnitudes of the same kind are proportionals, the first is
greater than, equal to, or less than the third, according as the second
18 greater than, equal to, or less than the fourth.

Let A, B, C, D be four magnitudes of the same kind such that
A:B::C:D:;

then 4 >, =, or X C

according as B >, =, or < D.
IfB>D,then A: B< A:D; v.5
bt & 2:10 0
S S I w3 B0y " j
A . A:D>C:D; o

S oy«

_, if B< D, then 4 < C,
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ProrosiTioNn 12.

" -

Addendo. If any number of magnitudes 'of the same kind_ are
proportionals, as one of the antecedents is to its consequent, $0 18 the

sum of the antecedents to the sum of the consequents.
Let A, B, C, D, E, F, ... be magnitudes of the same kind such

that

Because A : B::C:D:: E: F:: .., |
. according as md >, =, or <nb, |

so is mC >, =, or <nl,

and mFE >, =, or <nF,

- soismA+mC+mE+...>, =,or <nB+nD+nF+...
or m(A+C+E+..)> =,0or <n(B+D+F+..);

and m and n are any whole numbers ;
. A:B:: A+C+E+.. : B+ D+F+.... Def. 5.

ProrosiTion 13.

. If four magnitudes are proportionals, the sum o,
B the first and second is to the second as the sum of the third and four
" is to the fourth.

It 4 :B::0:D;

Er then shall A+B:B::C+D:D.

e If m be any whole number, it is possible to find another num

. n such that mA =«B, or lies between nB and (n+1)B, :

o :. mA+mB=mB+nB, or lies between mB +nB and mB+ (n+1)B.

‘“’ g But mA +mB=m(A4 + B), and mB+nB=(m+n)B;

Bl 2. ml(A + B)=(m+n)B, or lies between (m+n)B and (m+n+1)B.
Also because 4 : B:: C: D,

. - mC=nD, or lies between nD and (n+1)D; Def. 5.

& m(C+D)=(m+n)D or lies between (m+n) D and (m+n+1)D;

that is, the mul of O+ D are distributed among those of D in
- ‘thesame way as the multiples of 4 + B among those of B;
e “ A4B:B10+D:D.
 Dividendo Inthosame wayitmay beproved that
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