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ProroSITION 11. PROBLEM.

To divide @ given straight line into two parts, so that the
rectangle contained by the whole and one part may be equal
to the square on the other part.
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Let AB be the given straight line.
It is required to divide AB into two parts, so that the rectangle
contained by the whole and one part may be equal to the square
on the other part.

Construction. On AB describe the square ACDB. 1. 46.

Bisect AC at E. 1. 10.
Join EB.
Produce CA to F, making EF equal to EB. 1. 3.
On AF describe the square AFGH. 1. 46.
Then shall AB be divided at W, so that the rect. AB, BH is equal

to the sq. on AH.
Produce GH to meet CD in K.

Proof. Because CA is bisected at E, and produced to F,

. the rect. CF, FA with the sq. on EA=the sq. on EF 1L 6.

—the sq. on EB. Constr.

But the sq. on EB=the sum of the sqq. on EA, AB,
for the angle EAB is a rt. angle. 1. 47.
. the rect. CF, FA with the sq. on EA=the sum of the
sqq. on EA, AB.

From these equals take the sq. on EA:
then the rect. CF, FA=the sq. on AB.
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But the rect. CF, FA=the fig. FK; for FA=FG;

and the 8q. on AB=the fic. AD. Constr.
the fig. FK=the fig. AD.

From these equals take the common fig. AK ;
then the remaining fig. FH = the remaining fig. HD.
But the fiz. HD = the rect. AB, BH ; for BD =AB;
and the fig. FH is the sq. on AH.
the rect. AB, BH =the sq. on AH.  Q.E.F.

% DeFINITION. A straight line is said to be divided in Medial
: gection when the rectangle contained by the given line and one of
| its segments is equal to the square on the other segment.

The student should observe that this division may be infernal or

external.
Thus if the straight line AB is divided internally at H, and ex-

ternally at H’, so that
(i) AB. BH =AH2, H" : A I =]

B BN = AN, f——

we shall in either case consider that AB is divided in medial section.

The case of internal section is alone given in Euclid 11. 11 ; but a
straight line may be divided externally in medial section by a similar
process, See Ex. 21, p. 160.

ALGEBRAICAL ILLUSTRATION.

It is required to find a point H in AB, or AB produced, such that
AB. BH=AH>
Let AB contain @ units of length, and let AH contain x units;
then BH=a —x:
and x must be such that a(a - x)=2%
or 22 +ax—-a*=0.
Thus the construction for dividing a straight line in medial section

corresponds to the solution of this quadratic equation, the two roots
of which indicate the internal and external points of division.

EXERCISES.

In the figure of 11. 11, shew that ‘
(1) if CHBiFs produced to meet BF at L, CL is at right angles
to :
ﬁi) if BE and CH meet at O, AO is at right angles to CH.
(iii) the lines BG, DF, AK are parallel :
(iv) CF is divided in medial section at A.
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ProPOSITION 12. 'THEOREM.

In an obtuse-angled triangle, if a perpendicular 18 drawn
from either of the acute angles to the opposite side produced, the
square on the side subtending the obtuse angle 1s greater than the
sum of the squares on the sides containing the obluse angle,
by twice the rectangle contained by the side on which, when
produced, the perpendicular falls, and the line intercepted without
the triangle, between the perpendicular and the obtuse angle.
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Let ABC be an obtuse-angled triangle, having the obtuse
angle at C; and let AD be drawn from A perp. to the

opp. side BC produced.

Then shall the sq. on AB be greater than the sum of the
sqq. on BC, CA, by twice the rect. BC, CD.

Proof. Because BD is divided into two parts at C,
. the sq. on BD=the sum of the sqq. on BC, CD, with

twice the rect. BC, CD. I 5
To each of these equals add the sq. on DA.

Then the sqq. on BD, DA=the sum of the sqq. on BC, CD,
i DA, with twice the rect. BC, CD.

. But the sum of the sqq. on BD, DA=the sq. on AB,
| for the angle at D is a rt. angle. 1. 47.
Similarly, the sum of the sqq. on CD, DA=the sq. on CA.

. the sq. on AB=the sum of the sqq. on BC, CA, with
twice the rect. BC, CD.

That is, the sq. on AB is greater than the sum of the
sqq. on BC, CA by twice the rect. BC, CD. Q.E.D.
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NOTE ON PROP. 12.

A general definition of the projection of ome straight
line on another is given on page 105. The student’s
attention is here called to a special case of projection which
will enable us to simplify the Enunciation of Proposition 12.

A
|

|
PG D Q

In the above diagram, CA is a given straight line drawn
from a point C in PQ; and from A a perpendicular AD 1s
drawn to PQ. In this case, CD is said to be the projection
of CA on PQ. |

By applying this definition to the figure of Prop. 12, we
see that the statement
The sq. on AB is greater than the sum of the sqq. on BC, CA

by twice the rect. BC, CD

is the particular form of the following general Enunciation :

In an obtuse-angled triangle the square on the side opposite the
obtuse angle is greater than the sum of the squares on the sides
containing the obtuse angle by twice the rectangle contained by
one of those sides, and the projection of the other side upon .

The Enunciation of Prop. 12 thus stated should be
carefully compared with that of Prop. 13.
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ProrosiTiON 13. THEOREM.

In every fr-im!-f?h’, the square on the side .H'fifﬁfr‘fff/'ift.fl (i f”"m‘r
angle 18 lrs.;: than the swm qf the squares on the :-cirf.(’-.q r‘rm/:‘rmin‘r;
that anqgle, by twice the rectangle contained by either of these
sides. and the straight line intercepted between the perpendicular
let fall on it from the opposite angle, and the acute angle.

A A
B D C D B C
Fig. 1. Fig. 2.

Let ABC be any triangle having the angle at C an acute
angle ; and let AD be the perp. drawn from A to the opp.
side BC.

Then shall the sq. on AB be less than the swum of the sqq. on
BC, CA, by twice the rect. BC, CD.

Proof. Now AD may fall within the triangle ABC, as in
fig. 1, or without it, as in fig. 2.
il {in fig. 1, BC 1s divided into two parts at D,
in fig. 2, DC is divided into two parts at B,
.*. in both cases
the sum of the sqq. on BC, CD = twice the rect. BC, CD with
the sq. on BD. 1. 1
To each of these equals add the sq. on DA.
Then the sum of the sqq. on BC, CD, DA =twice the rect.
BC, CD with the sum of the sqq. on BD, DA.
But the sum of the sqq. on CD, DA =the sq. on CA, 1. 47.
for the angle ADC is a rt. angle.
Similarly, the sum of the sqq. on BD, DA = the sq. on AB.

*. the sum of the sqq. on BC, CA=twice the rect. BC, CD
with the 8q. on AB.

That is, the sq. on AB is less than the sum of the sqq. en
BC, CA by twice the rect. BC, CD. Q.E.D.
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Obs. 1f the perpendicular AD coincides with AB, that is, if
ABC 1s a right angle, then twice the rect. BC, CD becomes twice the
. ON BC: and it may be shewn that the proposition merely repeats

the result of 1. 47.

NOTES ON PROP. 19.

(iy Remembering the definition of the projection of a
straight line given on p. 153, we may enunciate Prop. 13
as follows ;

In every triangle, the square on the side subtending an acute
angle is less than the sum of the squares on the sides containing
that angle, by twice the rectangle contained by one of these siudes
and the projection of the other side upon il.

(ii) Comparing the Enunciations of 1. 12, 1. 47, 11. 13,
we see that in the triangle ABC,

if the angle ACB is obfuse, we have by 11. 12,
ABZ=BC2+ CA%+ 2BC.CD;

if the angle ACB is a right angle, we have by 1. 47,
AB? = BC? + CA* ;

if the angle ACB is acute, we have by 11. 13,
ABZ=BC?+ CA%? - 2BC. CD.

These results may be collected as follows:

The square on a side of a triangle is greater tham, equal to, or
less than the sum of the squares on the other sides, according as

the angle opposite to the first is obtuse, a right angle, or acule.

EXERCISES ON II. 12 AND 13.

. Tf from one of the base angles of an isosceles triangle a per-
pendicular is drawn to the opposite side, then twice the rectangle
contained by that side and the segment adjacent to the base is equal
to the square on the base.

2. If one angle of a triangle is one-third of two right angles,

shew that the square on the optanite side is less than the sum of the
squares on the sides forming that angle, by the rectangle contained

by these two sides. [See Ex. 10, p. 109.]
3. If one angle of a triangle is two-thirds of two right angles,
thew that the square on the opposite side is greater than the sum of

- the ¢ squares on the sides forming that angle, by the rectangle con-
F " by these sides. [See Ex. 10, p. 109.]
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ProrosIiTION 14. PROBLEM,

To describe a Square that shall be r_’r]u'rff 1o @ gi-z-'{-’u ?'{T"Cl'ﬂin,ﬁm’ |
Jrgure. |

Let A be the given rectilineal figure.
It s required to describe a square equal to A.

Construction. Describe a par™ BCDE equal to the fig. A,
and having the angle CBE a right angle. I. 45.
Then if BC=BE, the fig. BD is a square; and what was

required is done.
But if not, produce BE to F, making EF equal to ED; 1. 3.
and bisect BF at G. 1. 10.
With centre G, and radius GF, describe the semicircle BHF;
produce DE to meet the semicircle at H.
Then shall the sq. on EH be equal to the given fig. A.
Join GH.

Proof. Because BF is divided equally at G and unequally
at E,

.*. the rect. BE, EF with the sq. on GE =the s5q. on GF 1L 5.

=the sq. on GH.
But the sq. on GH =the sum of the sqq. on GE, EH ;
for the angle HEG is a rt. angle. 1. 47.

*. the rect. BE, EF with the sq. on GE =the sum of the
8qq. on GE, EH.
From these equals take the sq. on GE :
then the rect. BE, EF = the sq. on HE.
But the rect. BE, EF =the fig. BD; for EF=ED; Constr.
and the fig. BD =the given fig. A. Constr.
. the sq. on EH =the given fig. A. Q.E.F.
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QUESTIONS FOR REVISION ON BOOK II.

1. Explain the phrase, the rectangle contained by AB, CD ; and
shew by superposition that if AB=PQ, and CD=RS, then the
ectangle contained by AB, CD = the rectangle contained by PQ, RS.

2. Shew that Prop. 2 is a special case of Prop. 1, explaining
ander what conditions Prop. 1 becomes identical with Prop. 2.

92  What must be the relation between the divided and un-
divided lines in the enunciation of Prop. 1 in order to give the

result proved in Prop. 37

4. Define the segments into which a straight line is divided at a
point in such a way as to be applicable to the case when the dividing

point is in the given line produced.

Hence frame a statement which includes the enunciations of both
. 5 and 11. 6, and find the algebraical formulae corresponding to

these enunciations. |
Also combine in a single enunciation the results of 1. 9 and 11. 10.

5. Compare the results proved in Propositions 4 and 7 by finding
the algebraical formulae corresponding to their enunciations.

6. The difference of the squares on two straight lines is equal to
the rectangle contained by their sum and difference. Deduce this
theorem from Prop. 5.

7. Define the projection of one straight line on another.

How may the enunciations of 11. 12 and 11 13 be simplified by
means of this definition ?

8. In the figure of Proposition 14,
(i) If BE =8 inches, and ED =2 inches, find the length of EH.
o élti)) If BE =125 inches, and EH =25 inches, find the length

(iii) If BE =9 inches, and EH =3 inches, find the length of GH.

9. When is a straight line said to be divided in medial section?

If a straight line 8 inches in length is divided internally in
medial Mti::lg , shew that the lengths of the segments are approxi-
"ately 49 inches and 3°1 inches.

l‘hm.uqu&dratic eqmﬁmnnw on page 151, and solve. ]
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THEOREMS AND EXAMPLES ON BOOK II

|

ON II. 4 AND V.

1. Shew by 11. 4 that the square on a straight line s four times
the square on half the line.

[This result is constantly used in solving examples on Book 11,
especially those which follow from 11. 12 and 13. ]

2, If a straight line is divided into any three parts, the square
on the whole line is equal to the sum of the squares on the three

parts together with twice the rectangles contained by each pair of
these parts.

Shew that the algebraical formula corresponding to this theorem
18 (@+b+c)=a®+ b+ c* + 2bc + 2ca + 2ab.

3. In a right-angled triangle, if a perpendicwlar s drawn from
the right angle to the hypotenuse, the square on this perpendicwlar s
equal to the rectangle contawned by the segments of the hypotenuse.

4. Inan isosceles triangle, if a perpendicular is drawn from one
of the angles at the base to the opposite side, shew that the square
on the perpendicular is equal to twice the rectangle contained by the

segments of that side together with the square on the segment
adjacent to the base.

5. Any rectangle is half the rectangle contained by the diagonals
of the squares described upon its two sides.

6. In any triangle if a perpendicular is drawn from the vertical
angle to the base, the sum of the squares on the sides forming that
angle, together with twice the rectangle contained by the segments

of the base, is equal to the square on the base together with twice
the square on the perpendicular.,

ON II. 5 AND 6.

Obs. The student is reminded that these important propositions
are both included in the following enunciation :

The difference of the squares on two straight lines is equal to the
rectangle contained by their sum and difference.  [See Cor., p. 137}

_ y Il} a right-angled triangle the square on one of the sides form-
ﬂ, the right angle is equal to the rectangle contained by the sum and
of the hypotenuse and the other side. [1. 47and 11. 5, Cor.]
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8. The difference of the squares on two sides of a triangle is equal
to twice the rectangle contawed by the base and the intercept between

the middle point of the base and the foot of the perpendicular drawn
iwom the vertical angle to the base.

A
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Let ABC be a triangle, and let P be the middle point of the base
BC: let AQ be drawn perp. to BC.
Then shall AB?* - AC*=2BC . PQ.

First, let AQ fall within the triangle.

Now AB*=BQ*+ QA?, 1. 47.
also AC?*=QC?+ QA?,
. AB*-AC*=BQ?- QC? Ax. 3.
=(BQ+QC)(BQ -QC) 11 5, Cor.
=8BC.2FPQ Ex., p. 137.
=2BC . PQ Q.E.D.
The case in which AQ falls outside the triangle presents no

difficulty.

9. The square on any straight line drawn from the vertex of an
wosceles triangle to the base is less than the square on one of the equal
sides by the rectangle contained by the segments of the base.

10. The square on any straight line drawn from the vertex of an
isosceles triangle to the base produced, is greater than the square on
one of the equal sides by the rectangle contained by the segments into
which the base is divided externally.

1. If a straight line is drawn through one of the angles of
an equilateral triangle to meet the opposite side produced, so that
the rectangle contained by the segments of the base is equal to the
Square on the side of the triangle ; shew that the square on the line
%0 drawn is double of the square on a side of the triangle.

12. If XY is drawn allel to the base BC of an isosceles

"i::Fle ABC, then the difference of the squares on BY and CY is
®qual to the rectangle contained by BC, XY.  [See above, Ex. 8.]

13. In a right-angled triangle, if a perpendicular is drawn from
the right angle to the hypotenuse, the square on either side
‘hr:ﬂntangle is equal to the rectangle contained by the hypotenuse
“nd the segment of it adjacent to that side.
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ON II. 9 AND 10.

14. Deduce Prop. 9 from Props. 4 and 5, using also the theorem
that the square on a straight line 1s four times the square on half

the line.

15. Deduce Prop. 10 from Props. 7 and 6, using also the theorem
mentioned in the preceding Kxercise.

16. If a straight line is divided equally, and also unequally, the
squares on the two unequal segments are together equal to twice the
rectangle contained by these segments together with four times the
square on the line between the points of section.

ONR 1. ‘1.

17. If a straight line is divided internally in medial section, and
from the greater segment a part be taken equal to the less, shew that
the greater segment is also divided in medial section.

18. If a straight line is divided in medial section, the rectangle
contained by the sum and difference of the segments is equal to
the rectangle contained by the segments.

19. If AB is divided at H in medial section, and if X is the
middle point of the greater segment AH, shew that a triangle whose
sides are equal to AH, XH, BX respectively must be right-angled.

20. If a straight line AB is divided internally in medial section

at H, prove that the sum of the squares on AB, BH is three times
the square on AH.

21. Divide a straight line externally in medial section.

[Proceed as in 11. 11, but instead of drawing EF, make EF’ equal
to EB in the direction remote from A; and on AF’ describe the

square AF'G’'H’ on the side remote from AB. Then AB will be
divided externally at H" as required. ]

ON II. 12 AND 13.

22. In a triangle ABC the angles at B and C are acute: if E
and F are the feet of perpendiculars drawn from the opposite angles

to the sides AC, AB, shew that the square on BC is equal to the
sum of the rectangles AB, BF and AC,B%E.

23. - %BO is Aac triangle l:ight.-mglailant C, and gf 1::61'&“ from
a in rpendicular 3 : shew that rectangle
Ag. AE is equal tol;;a rectangle AC, AD, 4
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24, In any triangle the sum of the squares on two sides is equal to
price the square on half the third side together with twice the square on
the median which hisects the third side.

A

B P Q C

Let ABC be a triangle, and AP the median bisecting the side BC.
Then shall AB*+AC*=2BP?+2AP?

Draw AQ perp. to BC.

Consider the case in which AQ falls within the triangle, but does

not coincide with AP.
Now of the angles APB, APC, one must be obtuse, and the other

acute : let APB be obtuse.
Then in the A APB, AB?’=BP?+AP2+2BP.PQ, 1. 12
Also in the A APC, AC2=CP2+AP2-2CP.PQ. 1. 13.

But CP=BP,
. CP2=BP?; and the rect. BP, PQ=the rect. CP, PQ,
Hence adding the above results,
AB2+AC2=2. BP?2+2. APz Q.E.D.

The student will have no difficulty in adapting this proof to the
cases in which AQ falls without the triangle, or coincides with AP.

25. The sum of the squares on the sides of a parallelogram is
equal to the sum of the squares on the diagonals.

26. In any quadrilateral the squares on the diagonals are to-
gether equal to twice the sum of the squares on the straight lines
Joining the middle points of opposite sides. [See Ex. 9, p. 105.]

27. If from any point within a rectangle straight lines are drawn
to the angular points, the sum of the squares on one pair of the lines
drawn to opposite angles is equal to the sum of the squares on the
other pair.

28. The sum of the squares on the sides of a quadrilateral is
ter than the sum of the squares on its diagonals by four times
3 square on the straight line which joins the middle points of the
0. Ois the middle point of a given straight line AB, and from
783 centre, any circle is described : if P be any point on its circum-
5 ference, shew that the sum of the squares on AP, BP us constant.

~ Hag, .
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30. @iven the base of a triangle, and the sum of the squares oy
the sides forming the vertical angle ; find the locus of the vertex,

31. ABC is an isosceles triangle in which AB and AC are equal.
AB is produced beyond the base to D. so that BD is equal to AB,
Shew that the square on CD is equal to the square on AB together

with twice the square on BC.

39  In a right-angled triangle the sum of the squares on the
straight lines drawn from the right angle to the pomts of tri.
section of the hypotenuse 1s equal to five times the square on the

line between the points of trisection.

92  Three times the sum of the squares on the sides of a tri
angle is equal to four times the sum of the squares on the medians,

24  ABC is a triangle, and O the point of intersection of its
| medians : shew that

| AR? + BC? + CA2=3(OA?+ OB?+0C?).

35. ABCD is a quadrilateral, and X the middle point of the
straight line joining the bisections of the diagonals ; with X as centre
any circle is described, and P is any point upon this circle : shew

; that PA?+ PB?+ PC?+ PD? is constant, being equal to

XA2 + XB24+ XC2+ XD2+ 4XP2

36. The squares on the diagonals of a trapezium are together
equal to the sum of the squares on 1ts two oblique sides, with twice
the rectangle contained by its parallel sides.

PROBLEMS.

37. Construct a rectangle equal to the difference of two squares.

38. Divide a given straight line into two parts so that the
rectangle contained by them may be equal to the square described
a 3._ g_ldv:é:l straight line which 1s less than half the straight line to

ivided.

39. Given a square and one side of a rectangle which is equal |
to the square, find the other side.

40. Produce a given straight line so that the rectangle contained
by the whole line thus produced and the part produced, may be
equal to the square on another given line.

EL 41. Produce a Eivan straight line so that the rectangle contained .
| the whole line thus produced and the given line lhﬁ be equal 0
the square on the part produced. ]

42. Divide a straight line AB into two at C, such that

the rectangle contained by BC and mm may be equal ¥




BOOK 111

Book III. deals with the properties of Circles.

For convenience of reference the following definitions
are repeated from Book 1.

1. Def. 15. A circle 1s a plane figure
bounded by one line, which is called the
circumference, and is such that all straight
lines drawn from a certain point within
the figure to the circumference are equal
to one another: this point is called the
centre of the circle.

Nore. Circles which have the same centre are said to be
concentric.

1. Def. 16. A radius of a circle is a straight line drawn
~ from the centre to the circumference.

] . Def. 17. A diameter of a circle is a straight line
- drawn through the centre, and terminated both ways by

- the circumference.

L Def. 18. A semicircle is the figure bounded by a
- diameter of a circle and the part of the circumference cut
~ 0ff by the diameter.

Nore. From these definitions we draw the following inferences:

3 (i) The distance of a point from the centre of a circle is less
. h the radius, if the point is within the circumference : and the
e hﬂ of a point from the centre is greater than the radius, if the
= point is without the circumference. ;

- (i) A point is within a circle if its distance from the centre is
B than the radius: and a point is without a circle if its distance
~ 'fom the centre is greater than the radius.

- _ i) Circles of equal radius are equal in all respects ; that is to
- ™Y, their areas and circumferences are equal. :
- (iv) A circle is divided by any diameter into two parts which
X :’_ﬂ'll in all respects.

T N e
I._‘



164 RUCLID'S ELEMENTS.

DeriNiTIONS TO Book 111

1. An arc of a circle is any part of the circumference.

9. A chord of a circle is the straight line which joins

any two points on the circumference.

Note. From these definitions it may be seen
that a chord of a circle, which does not pass
through the centre, divides the circumference
into two unequal arcs; of these, the greater is
called the major arc, and the less the minor arc.
Thus the major arc is greafer, and the minor arc
less than the semi-circumference.

The major and minor arcs, into which a cir-
cumference is divided by a chord, are said to be
conjugate to one another.

3. Chords of a circle are said to be
equidistant from the centre, when the
perpendiculars drawn to them from the
centre are equal : .
and one chord is said to be further from
the centre than another, when the per-
pendicular drawn to it from the centre is
greater than the perpendicular drawn to
the other.

4. A secant of a circle is a straight
line of indefinite length, which cuts the
circumference in two points.

5. A tangent to a circle is a straight
line which meets the circumference, but
being produced, does not cut it. Such a
line 1s said to touch the circle at a point ;

and the point is called the point of
contact.
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Note. 1f a secant, which cuts a circle
ot the points P and @, gradually changes its
position in such a way that P remains fixed, / Q
the point @ will ultimately approach the |
fixed point P, until at length these points
may be made to coincide. When the straight
line PQ reaches this limiting position, it %}e
comes the tangent to the circle at the point P.

Hence a tangent may be defined as a
straight line which passes through two coin-
cident points on the circumference.

6. Circles are said to touch one another when they
meet, but do not cut one another.

- Nore. When each of the circles which meet is oufside the other,
~ they are said to touch one another extermally, or to have external
~ contact : when one of the circles is within the other, the first is said
to touch the other internally, or to have internal contact with it.

B 7. A segment of a circle is the figure bounded by a
- thord and one of the two arcs into which the chord divides

- the circumference.

. ]
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8. An angle in a segment 1s one / ?\\
formed by two straight lines drawn from |

any point in the arc of the segment to [

the extremities of its chord. \/ \ |
— Y

Nore. (i) It will be shewn in Proposition 21, that all angles iy
the same segment of a circle are equal.

Nore. (ii) The angle of a segment (as discinct from the angle i 4
segment) is sometimes defined as that which is contained betweey
the chord and the arc; but this definition is not required in any
proposition of Euclid.

9. An angle at the circumference of
a circle 1s one formed by straight lines
drawn from a point on the circumference
to the extremities of an arc: such an
angle 1s said to stand upon the arc by
which it is subtended.

10. Similar segments
of circles are those which
contain equal angles.

11. A sector of a circle is a figure
bounded by two radii and the arc inter- |
cepted between them. g

SYMBOLS AND ABBREVIATIONS.

In addition to the symbols and abbreviations given on
page 11, we shall use the following.

© for circle, O for circumference.
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ProrOSITION 1. PROBLEM.

To find the centre of a given circle.

. b
Let ABC be a given circle.
It is required to find the centre of the © ABC.

Construction., In the given circle draw any chord AB,
and bisect AB at D. 1. 10.

From D draw DC at right angles to AB; L 11l
and produce DC to meet the O at E and C.

Bisect EC at F. 1. 10.
Then shall F be the centre of the © ABC.

Proof. First, the centre of the circle must be in EC:

for if not, suppose the centre to be at a point G outside EC.
Join AG, DG, BG.

Then in the ~2* GDA, GDB,

" DA = DB, Constr.
Because and GD is common ;
1 and GA =GB, for by supposition they are radn ;
. the - GDA=the o GDB; I. 8.
. these angles, being adjacent, are rt. angles.
But the ~ CDB is a rt. angle ; Constr.
. the . GDB=the » CDB, Az. 11

the part equal to the whole, which 1s impossible.
~ .. Gis not the centre. |
80 it may be shewn that no point outside EC is the centre ;
.. the centre lies in EC. |
. F, the middle point of the diameter EC, must be the
centre of the © ABC. Q.E.F.
CoRoLLARY. The straight line which bisects a chord of a

‘- "d! at right angles passes throu the centre.

o o M Nl g
o= N g S el i L
g P é.“_- it T SRS by
[ El g s Ll B ‘iﬁ"‘: l_ 5 " :
- lh‘ -j' ._Hl'.i s %E'.LE‘IT‘: - '_Etij-."-"l -



168 EUCLID'S ELEMENTS.

ProrosITION 2. 'THEOREM.

If any two points are taken in the circumference of a circle,
the chord which joins them falls within the curtle.

Let ABC be a circle, and A and B any two points on
O
Then shall the chord AB fall within the circle.
Construction. Find D, the centre of the ©® ABC; IIL L

and in AB take any point E.
Join DA, DE, DB.

Proof. In the A DAB, because DA = DB, 1. Def. 15.
. the - DAB=the L DBA. I. B

But the ext. - DEB is greater than the int. opp. = DAE;
. 1. 16.

the - DEB 1s also greater than the . DBE.

.*. in the A DEB, the side DB, which is opposite the greater
angle, is greater than DE which is opposite the less: I. 19.

that is to say, DE is less than DB, a radius of the circle ;
E falls within the circle.

Similarly, any other point between A and B may be
shewn to fall within the circle.

. AB falls within the circle. Q.E.D.

Note. A part of a curved line is said to be concave to a point,
when for every chord (taken so as to lie between the point and the
curve) all straight lines drawn from the given point to the intercepted
arc are cut by the chord : if, when any chord whatever is taken, no
straight line drawn from the given point to the intercepted arc is
cut by the chord, the curve is said to be convex to that point. |

Proposition 2 proves that the whole circumference of a circle is
concave to ils centre,
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PrROPOSITION 3. 'THEOREM

If a straight line drawn through the centre of a circle bisects
1 chord which does not pass through the centre, it shall cut the
shord at right angles.

Conversely, if it cuts the chord at right angles, it shall bisect .

D B

C
Let ABC be a circle; and let CD be a st. line drawn
through the centre, and AB a chord which does not pass
through the centre.

First. Let CD bisect the chord AB at F.
Then shall CD cut AB at rt. angles.

Construction. Find E the centre of the circle; IIL 1.
and join EA, EB.

Proof. Then in the A*® AFE, BFE,
AF = BF, Huyp.
Because and FE 1s common ;
and AE = BE, being radii of the circle ;
.*. the L AFE =the L BFE; I. 8.
. these angles, being adjacent, are rt. angles ;
that is, DC cuts AB at rt. angles. Q.E.D.

Conversely. Let CD cut the chord AB at rt. angles.
Then shall CD bisect AB at F.

Comstruction. Find E the centre ; and join EA, EB.

Proof, In the A EAB, because EA=EB, I Def. 15.
.. the . EAB=the L EBA. I. 5.
Then in the A* EFA, EFB,
the ~ EAF = the . EBF, Proved.
Because {and the . EFA = the . EFB, being rt. angles; Hyp.

and EF 1s common ;
.*. AF=BF; I. 26.
that is, CD bisects AB at F. Q.E.D.



170 RUCLID'S ELEMENTS.

ProrPosITION 4. 'THEOREM.

If wm a circle two chords cut one HHr]f}H*!', whaich do not hoth
PASS through the centre, they cannot both be hisected at thewr poind
of intersection.

C

Let ABCD be a circle, and AC, BD two chords which
intersect at E, but do not both pass through the centre.

Then AC and BD shall not be both bisected at E.

Case I.  If one chord passes through the centre, 1t 1s a
diameter, and the centre is its middle point ;

. it cannot be bisected by the other chord, which by hypo-
thesis does not pass through the centre.

Casg II. If neither chord passes through the centre;
then, if possible, suppose E to be the middle point of bofh ;
that is, let AE=EC ; and BE = ED.

Construction, Find F, the centre of the circle. 1L L

Join EF.
Proof. Because FE, which passes through the centre,
bisects the chord AC, Huyp.
.*. the . FEC is a rt. angle. 11 3
And because FE, which passes through the centre, br-
sects the chord BD, Hyp-
. the £ FED is a rt. angle. 1. 3

. the . FEC =the  FED,
the whole equal to its part, which is impossible.
‘. AC and BD are not both bisected at E. Q.E.D.
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EXERCISES.
oN ProrositTion 1.

1. If two circles intersect at the points A, B, shew that the line
which joins their centres bisects their common chord AB at right

angles.

2. AB, AC are two equal chords of a circle; shew that the
straight line which bisects the angle BAC passes through the centre.

3. Two chords of a circle are given in position and magnitude :
find the centre of the circle.

4. Describe a circle that shall pass through three given pownts,
which are not in the same straaght line.

5. Find the locus of the centres of circles which pass through two
qiven points.

6. Describe a circle that shall pass through two given points,
and have a given radius. When is this impossible ?

oN ProrosiTioNn 2.

7. A straight line cannot cut a circle in more than two points.

oN ProrosIiTION 3.

8. Through a given point within a circle draw a chord which
shall be bisected at that point.

9. The parts of a straight line intercepted between the circum-
ferences of two concentric circles are equal.

10. The line joining the middle points of two parallel chords of
a circle passes through the centre.

11. Find the locus of the middle points of a system of parallel
chords drawn in a circle.

12. Tf two circles cut one another, any two parallel straight lines
drawn through the points of intersection to cut the circles, are equal.

. . in a circle : shew that
13. PQ and XY are two w,oh“:ghﬁ;n;y' QX, He on the

the points of intersection of PX, .
Srght line which pases through the middle poits of the given
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ProrosiTiON 5. THEOREM.

If two circles cut ome another, they cannot have the same

centre.
‘\ G

C

A

Let the two ©* AGC, BFC cut one another at C.
Then they shall not have the same centre.

Construction, If possible, let the two circles have the
same centre ; and let 1t be called E.

Join EC ;
and from E draw any st. line to meet the O°* at F and G.

Proof. Because E is the centre of the ©® AGC, Huyp.

e = EC,

And because E is also the centre of the © BFC, Hyp.
s == B,
EG = EF,

the whole equal to its part, which is impossible.
Therefore the two circles have not the same centre.

Q.E.D.

EXERCISES.
oN ProrosiTions 4 AND 5.

_ 1. If a parallelogram can be inscribed in a circle, the point of
intersection of its diagonals must be at the centre of the circle.

2. Rectangles are the only parallelograms that can be inscribed
in a circle.

3. Two circles, which intersect . L
at another. at one point, must also intersect
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PROPOSITION 6. THEOREM.

If two curcles touch ome amother internally, they cammot have

the same centre.
C
| A
B

Let the two ©* ABC, DEC touch one another internally

at C.
Then they shall not have the same centre.

Construction. If possible, let the two circles have the
same centre ; and let it be called F

Join FC;
and from F draw any st. line to meet the O at E and B.

Proof. Because F is the centre of the © ABC, Hup.

FB = FC.

And because F is the centre of the © DEC,  Hyp.
. FE=FC.
FB = FE,

the whole equal to its part, which is impossible.
Therefore the two circles have not the same centre.
Q.E.D.

_ Nore. From Propositions 5 and 6 it is seen that circles, whose
Circumferences have any point in common, cannot be concentric,

unless they coincide entirely.

Conversely, the circumferences of concentric circles can have no
Pomt in common.
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ProrosSITION 7. THEOREM.

If from any point within a circle which s not the centre,
straight lines are drawn to the circumference, then the greatest
is that which passes through the centre,; and the least s the
remaining part of the diameter.

And of all other such lines, that which s nearer to the
greatest is always greater than one more remote.

And two equal straight lines, and only two, can be drawn
from the given point to the circumference, one on each side of the
diameter.

A

G D

Let ABCD be a circle, and from F, any point within 1t
which is not the centre, let FA, FB, FC, FG, and FD be
drawn to the O*, of which FA passes through E the centre,
and FD is the remaining part of the diameter.

Then of all these st. lines,

(1) FA shall be the greatest ;

(11) FD shall be the least ,

(1) FB, which is nearer to FA, shall be greater tham FC,
which is more remote;

(iv) also two, and only two, equal st. lines can be drawn from
F to the O*.

Construction. Join EB, EC.

Proof. (1) In the A FEB, the two sides FE, EB are
together greater than the third side FB. 1. 200 |
But EB = EA, being radii of the circle ; |

. FE, EA are together greater than FB ; -

that is, FA is greater than FB.

-
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Similarly FA may be shewn to be greater than any
sther st. line drawn from F to the O .

FA 1s the greatest of all such lines.

(ii) In the A EFG, the two sides EF, FG are together
greater than EG ; [ 920,
' and EG = ED, being radii of the cirele ;

‘. EF, FG are together greater than ED.
Take away the common part EF ;
then FG 1s greater than FD.

Similarly any other st. line drawn from F to the O
may be shewn to be greater than FD ;

FD 1s the least of all such lines.

(i11) In the A®* BEF, CEF,
BE =CE, I. Def. 15,
Because and EF 1s common ;
but the . BEF is greater than the . CEF ;
FB is greater than FC. L 24.

Similarly it may be shewn that FC is greater than FG.
(iv) Join EG, and at E in FE make the . FEH equal to

the . FEG. 5. 25
Join FH.
Then in the A® GEF, HEF,
GE =HE, L. Def. 15.

Because { and EF 1s common ;
also the . GEF =the . HEF ;  Constr.
. Fa=FHN. I. 4.

And besides FH no other straight line can be drawn
from F to the O equal to FG.

For, if possible, let FK=FG.
Then, because FH = FG, Proved.
. FK=FH,
that is, a line nearer to FA, the greatest, is equal to a line
which is more remote ; which is impossible. Proved.

Therefore two, and only two, equal st. lines can be
drawn from F to the O*. - Q.E.D.

.
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PROPOSITION 8. THEOREM.

If from any point without a circle straight lines are drawy
to the circumference, of those which fall on the concave CUrCUm- |
ference, the greatest is that which passes through the centre : and !
of others, that which is nearer to the greatest is always greater
than one more remote.

Of those which fall on the comvex circumference, the least is
that which, when produced, passes through the centre : and of
others, that which is nearer to the least is always less than one
more remote.

From the given point there can be drawn to the curcumference
two, and only two, equal straight lines, one on each side of the
shortest line.

Let BGD be a circle ; and from A, any point outside the
circle, let ABD, AEH, AFG, be drawn, of which AD passes
through C, the centre, and AH is nearer than AG to AD.

Then of st. lines drawn from A to the concave O -

(1) AD shall be the greatest, and (11) AH greater than AG.

And of st. lines drawn from A to the convex g

(111)  AB shall be the least, and (1v) AE less than AF.

p (VA) % .tﬁso two, and only two, equal st. lines can be drawn
rom & o

Construction. Join CH, CG, CF, CE.

Proof. (1) In the A ACH, the two sides AC, CH are
together greater than AH : 1. 20.
but CH = CD, being radii of the circle -

- AC, CD are together greater than AH :
that is, AD 1s greater than AH.

Similarly AD may be shewn to be greater than any
other st. line drawn from A to the concave O ;

" AD 1s the greatest of all such lines.
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(i1) In the A* HCA, GCA,
[ HC = GC, I. Def. 15.

Because - and CA is common ;

llmt the . HCA is greater than the . GCA :

AH 1s greater than AG. I. 24.
(il1) In the A AEC, the two sides AE, EC are together
greater than AC ; 1. 20.
but EC=BC; I. Def. 15,

. the remainder AE 1s greater than the remainder AB.

Similarly any other st. line drawn from A to the convex
O may be shewn to be greater than AB ;

.*. AB 1s the least of all such lines.

(iv) In the A AFC, because AE, EC are drawn from the
extremities of the base to a point E within the triangle,
. AF, FC are together greater than AE, EC., 1. 21.

But FC=EC; I. Def. 15.
*. the remainder AF is greater than the remainder AE.

(v) At C, in AC, make the - ACM equal to the . ACE.

Join AM.
Then in the two A* ECA, MCA,
EC = MC, I. Def. 15.
Because and CA i1s common ;
4L,lso the - ECA=the  MCA ; Constr.

.. AE=AM. I. 4.
And besides AM, no st. line can be drawn from A to the
0“3 equa.l to AE.

For, if possible, let AK =AE :

then because AM = AE, Proved.
AM = AK ;

that is, a line nearer to AB, the shortest line, is equal to

a line which is more remote ; which is impossible. Proved.

Therefore two, and only two, equal st. lines can be
drawn from A to the O°. Q.E.D.

 Exmrcise.  Where are the limits of that part of the circumfer-
~ ®bee which is concave to the point A?
H.8.E. M
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ProrosiTiON 9. THEOREM. [FIRST PROOF.|

e T i

If from a poindt within a circle more than two equal straight
lines can be drawn to the circumference, that point s the centre
of the circle.

ot
)

Let ABC be a circle, and D a point within it, from which
more than two equal st. lines are drawn to the O, namely

DA, DB, 'DC.
Then D shall be the centre of the curcle ABC.

Construction. Join AB, BC:
and bisect AB, BC at E and F respectively 1. 10.
Join DE, DF.

Proof, In the ~* DEA, DEB,
EA=EB, Constr.
- Because {and DE 1s common ;
and DA=DB; Hyp.
*. the . DEA=the . DEB; I. 8.

. these angles, being adjacent, are rt. angles.

Hence ED, which bisects the chord AB at rt. angles, must
pass through the centre. 1L 1. Cor.

Similarly it may be shewn that FD passes through the
centre.

. D, which is the only point common to ED and FD,
must be the centre. Q.E.D.

Nore. Of the two proofs of this proposition given by Euclid the
first has the advantage gf being dsrectp n 4
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PROPOSITION 9. THEOREM. | SECOND PROOF. |

]f _f?'ﬂfﬂ. (l ]'Jr)i‘?t-t '2{-'?.?}1-2')!: (l {."i’?'ﬂz{i' more f}mn Lo g;]fual ;;;t?*u,fght
lines can be drawn to the curcumference, that point is the centre
of the circle.

G

AV

B
A
Let ABC be a circle, and D a point within it, from which

more than two equal st. lines are drawn to the O, namely
DA, DB, DC. ..

Then D shall be the centre of the circle ABC.

Construction. For if not, suppose, if possible, E to be
the centre.

Join DE, and produce it to meet the O* at F, G.

Proof. Because D is a point within the circle, not the
centre, and because DF passes through the centre E ;

‘ DA, which is nearer to DF, is greater than DB, which
I8 more remote : . 7.

uElut this is impossible, since by hypothesis, DA, DB, are
“qual.

E 1s not the centre of the circle.

_ “ And wherever we suppose the centre E to be, other-
Vise than at D, two at least of the st. lines DA, DB, DC may
shewn to be unequal, which is contrary to hypothesis.

D is the centre of the @ ABC. Q.E.D.

*Nore. For example, if the centre E were supposed to be
. Within the angle BDC]: then DB would be greater than DA; if
- Within the angle ADB, then DB would be greater than DC; if on
' of the three straight lines, as DB, then DB would be greater
- than both DA and DC.
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ProrosiTION 10. THEOREM. (FirsT PROOF. |

One circle cannot cul another at more than two povnls.

D

B C

If possible, let DABC, EABC be two circles, cutting one
another at more than two points, namely at A, B, C.

Construction. Join AB, BC.
" Draw FH, bisecting AB at rt. angles; I. 10,  § &

and draw GH bisecting BC at rt. angles.

proof. Because AB is a chord of both circles, and because

FH bisects AB at rt. angles,
- the centre of both circles lies in FH. IIL 1. Con.

Again, because BC is a chord of both circles, and because

GH bisects BC at right angles,
. the centre of both circles lies in GH. TIL 1. Cor.

Hence H, the only point common to FH and GH, is the

centre of both circles ;
which is impossible, for circles which cut one another

cannot have a common centre. ITL. 9.
Therefore one cirele cannot cut another at more than two
points. QED.

CorOLLARIES. (i) Two circles cannot have three points in
comamon without coinciding entirely. _-
(i) Two circles cannot have a common arc without ¢ |
inciding entirely. L
(iii) Only one circle can be described through three poink,
which are not in the same straight line. )
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ProposITION 10. THEOREM. [Seconp Proor.]

One cuwrcle cannot cut another at more than two pvmts.

N

(A

B

If possible, let DABC, EABC be two circles, cutting one
another at more than two points, namely at A, B, C.

Construction. Find H, the centre of the © DABC, 111 1.
and join HA, HB, HC.

Proof. Since H is the centre of the © DABC,
. HA, HB, HC are all equal. 1. Def. 15.

And because H is a point within the © EABC, from
which more than two equal st. lines, namely HA, HB, HC
are drawn to the O,

H is the centre of the © EABC: I11. 9.

that is to say, the two circles have a common centre H ;
but this is impossible, since they cut one another. IIL 5.

Therefore one circle cannot cut another in more than
two points. Q.E.D.

- Nore. Both the proofs of Proposition 10 given by Euclid are
ndirect,

The second of these is imperfect, because it assumes that the
centre of the circle DABC must fall within the circle EABC;
Whereas it may be conceived to fall either without the circle EABC,
O on its circumference. Hence to make the proof complete, two

itional cases are required. -
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ProrPOSITION 11. THEOREM.

. internally, the straight lin

If two rireles touch one anothel
luced. shall pass through the

which joins their centres, heing pro
point of contact.

Let ABC and ADE be two circles which touch one
another internally at A; let F be the centre of the © ABC,

and G the centre of the © ADE.
Then shall FG produced pass through A

Construction. For if not, suppose, 1f possible, FG to pass
otherwise, as FGEH.

Join FA, GA.
proof. In the A FGA, the two sides FG, GAare together
greater than FA : 1. 20.
but FA= FH, being radii of the © ABC: Hyp.

FG, GA are together greater than FH.
Take away the common part FG:
then GA is greater than GH.

But GA = GE, being radii of the © ADE : Hyp.
. GE is greater than GH,
the part greater than the whole ; which is impossible.

FG, when produced, must pass through A.
Q.E.D.

EXERCISES.

1. If the distance between the centres of two circles is equal to
the difference of their radii, then the circles must meet in one point,
but in no other ; that is, they must touch one another.

2. Ff two circles whose centres are A and B touch one another
contact,

mtenmllg‘, and a straight line is drawn through their point of
cutting the circumferences at P and Q; shew that the radii AP and BQ

are parallel,
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PROPOSITION 12. THEOREM.

If two circles touch one another externally, the straaght line
which jouns their centres shall pass through the povnt of contact.

l.et ABC and ADE be two circles which touch one

another externally at A; let F be the centre of the ©® ABC,
and G the centre of the © ADE.

Then shall FG pass through A.

Construction. For if not, suppose, if possible, FG to pass
otherwise, as FHKG.

Join FA, GA.

Proof. In the A FAG, the two sides FA, GA are together
greater than FG : L 20.
but FA= FH, being radii of the & ABC ; Huyp.
and GA =GK, being radii of the © ADE ; Hyp.
FH and GK are together greater than FG;
which 1s impossible.
FG must pass through A.
Q.E.D.

EXERCISES.

L. Find the locus of the centres of all circles which touch a given
cirele at a given point.
2. Find the locus of the centres of all circles of given radius, which
touch a given cirele. |
3. If the distance between the centres of two circles is equal to

e sum of their radii, then the circles meet in one point, but in no
Other ; that is, they touch one another.

4. Iz'f two circles whose cmh;:a are ’I‘l ami Suwh mfamtker

- “Ternally, and a straight line s drawn through their powt of contact

zﬁ"ﬂt cirmmfm‘geaat P and Q: shew that the radii AP and BQ
pavallel,
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ProrosIiTION 13. THEOREM.

Two cireles cannot touch one another at more than one poind,
whether internally or externally.

Fig. 1. i Fig. 2.
o .
G b
C D C

If possible, let ABC. EDF be two circles which touch one
another at more than one point, namely at B and D.

Construction. Join BD ;
and draw GF, bisecting BD at rt. angles. 1. 10, 11.

Proof. Now, whether the circles touch one another
internally, as in Fig 1 or externally as in Fig 2,

because B and D are on the O of both circles,
BD is a chord of both circles:
the centres of both circles lie in GF, which bisects

BD at rt. angles. 11 1. Cor.
Hence GF which joins the centres must pass through
a point of contact ; 11. 11, and 12

. which 1s impossible, since B and D are outside GF.

Therefore two circles cannot touch one another at more
than one point.

Q.E.D.

Nore. It must be observed that the proof here given applies,
by virtue of Propositions 11 and 12, to both the above fi : we
have therefore omitted the separate discussion of Fig. 2, which finds
a place in most editions on Simson's text.
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EXERCISES ON PROPOSITIONS 1-13.

1. Describe a circle to pass through two given points and have
‘ts centre on a given straight line. When is this impossible ?

2. All circles which pass through a fixed point, and have their
sentres on a given straight line, pass also through a second fixed

point.

2 Describe a circle of %iven radius to touch a given circle at a
iven point. How many solutions will there be? When will there
Ele only one solution?

4. From a given point as centre describe a circle to touch a
given circle. How many solutions will there be?

5 Describe a circle to pass through a given point, and touch a
iven circle at a given point. [See Ex. 1, p. 183, and Ex. 5, p. 171.]
hen is this impossible ?

8. Describe a circle of given radius to touch two given circles.
[See Ex. 2, p. 183.] How many solutions will there be?

7. Two parallel chords of a circle are six inches and eight inches
in length respectively, and the perpendicular distance between them
it one inch : find the radius.

8  If two circles touch one another externally, the straight lines,
which join the extremities of parallel diameters towards opposite
parts, must pass through the point of contact.

9. Find the greatest and least straight lines which have one
extremity on each of two given circles, which do not intersect.

~ 10. In any segment of a circle, of all straight lines drawn at
right angles to the chord and intercepted between the chord and the -
arc, the greatest is that which passes through the middle point of
the chord : and of others that which is nearer the greatest is greater

than one more remote.

11. If from any point on the circumference of a circle straight
lines be drawn to the circumference, the mteat is that which passes
through the centre ; and of others, that whi is nearer to the greatest

is greater than one more remote ; and from this point there can be
drawn to the circumference two, and only two, equal straight lines.
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ProrosITION 14. THEOREM.

EQJM’ r‘;if_u‘ffs n a f’f}‘r‘Zf‘ (are (’f]?fa"rl’i.ﬂfrm/ j}‘m;r the centre,
Conversely, chords wh ich are equaidistant from the centre

are equal.
A

C

D

Let ABC be a circle, and let AB and CD be chords, of
which the perp. distances from the centre are EF and EG.

First. Let AB=CD.
Then shall AB and CD be equidistant from the centre E.
Construction. Join EA, EC.
Proof. Because EF, which passes through the centre,
is perp. to the chord AB ; Hyp.
.. EF bisects AB ; II. 3.
. AB is double of FA.
For a similar reason, CD is double ot GC.
But AB=CD, Hyg.
. FA=00. Az. T

Now EA=EC, being radii of the circle :
. the sq. on EA=the sq. on EC.

But since the . EFA is a rt. angle :
. the sq. on EA=the sqq. on EF, FA. I 47.

And since the . EGC is a rt. angle ;
.. the sq. on EC = the sqq. on EG, GC.
. the sqq. on EF, FA=the sqq. on EG, GC.

Now of these, the sq. on FA=the sq. on GC; for FA=GC.
*. the sq. on EF =the sq. on EG;
. EF=EQ;

that is, the chords AB, CD are equidistant from the centre. |
QE.D.
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Conversely. Let AB and CD be equidistant from the
centre E ;
that 18, let EF = EG.
Then shall AB = CD.

proof. The same construction being made, it may be
shewn as before that AB is double of FA, and CD double
of GC ;
and that the sqq. on EF, FA=the sqq. on EG, GC.
Now of these, the sq. on EF =the sq. on EG,

for EF =EG: Hyp.
the sq. on FA=the sq. on GC ;
. FA=00;

and doubles of these equals are equal ; Az 6.
that 1s, AB=CD.
Q.E.D.

EXERCISES.
1. Find the locus of the middle points of equal chords of a circle.

9 If two chords of a circle cut one another, and make equal
angles with the straight line which joins their point of intersection

to the centre, they are equal.

3. If two equal chords of a circle ntersect, shew that the segments
of the one are equal respectively to the segments of the other.

4. In a given circle draw a chord which shall be equal to one
El?elill straight line (not greater than the diameter) and parallel to
another,

g 5. PQ is a fixed chord in a circle, and AB is any diameter :
shew that the sum or difference of the perpendiculars let. fall from
A and B on PQ is constant. that is, the same for all positions of AB.
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ProrosiTioN 15 THEOREM.

The diameter s the greatest chord wn a circle ;

and of other chords, that which s nearer to the centre s
greater than one more remote.

Conversely, the greater chord 1is mearer to the centre thay

the less.

A B
E

. D

Let ABCD be a circle of which AD is a diameter, and E

the centre ; and let BC and FG be any two chords, whose
perp. distances from the centre are EH and EK.

Then (1) AD shall be greater than BC ;

(11) of EH s less than EK, BC shall be greater than FG :
(111) if BC s greater than FG, EH shall be less than EK.

(1) Construction. Join EB, EC.

Proof. In the A BEC, the two sides BE, EC are
together greater than BC; - 1. 20.
but BE = AE, 1. Def. 15.
and EC=ED;
. AE and ED together are greater than BC ;
that is, AD is greater than BC.

Similarly AD may be shewn to be greater than any
other chord, not a diameter.

(i1) Let EH be less than EK.
Then BC shall be greater than FG.
Construction, Join EF.

Proof. Since EH, passing through the centre, is perp-
to the chord BC, P y .

. EH bisects BC ; i 3
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BC 1s double of HB.
For a similar reason FG is double of KF.
Now EB= EF, I. Def. 16.
the sq. on EB=the 8q. on EF.

But since the 2 EHB is a rt. angle,
. the sq. on EB=the sqq. on EH, HB. I. 47.
And since the . EKF is a rt. angle,
.. the sq. on EF =the 8qq. on EK, KF ;
. the sqq. on EH, HB = the sqq. on EK, KF.

But the sq. on EH is less than the sq. on EK,
for EH is less than EK; Hyp.
the sq. on HB is greater than the sq. on KF;
.*. HB is greater than KF :
hence BC is greater than FG.

(i) Conwersely. Let BC be greater than FG.
Then EH shall be less than EK.

Proof. The same construction being made, it may be
shewn as before that BC is double of BH. and FG double of

FK; and that the sqq. on EH, HB = the sqq. on EK, KF.

But since BC is greater than FG, Hyp.
.*. HB is greater than KF ;
*. the sq. on HB is greater than the sq on KF.
*. the sq. on EH is less than the sq. on EK;
*. EH is less than EK. QE.D.

EXERCISES.

hml-c-i Through a given point within a circle draw the least possible

chord, |
2. AB is a fixed chord of a circle, and XY any other chord

having its middle point Z on AB; what is the greatest, and what

the least length that XY may have? : : AB
Shew that XY increases, as Z approaches the middle point ‘of B.
3. In a given circle draw a chord of given length, having 1ts

middle point on a given chord. :

When is this problem impossible ?
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PROPOSITION 16. THEOREM. [ALTERNATIVE Proor. |

The straight line drawn at right angles to a diameter of
a circle at one of s extremities is a tangent to the circle -

and every other straight line drawn through this point cuts
the circle.

A

g O B D

Let AKB be a circle, of which E is the centre, and AB

a diameter ; and through B let the st. line CBD be drawn
at rt. angles to AB.

Then (i) CBD shall be a tangent to the circle :

(1) any other st. line through B, such as BF, shall cut
the circle.

(1) Construction, In CD take any point G, and join EG
Proof. Inthe A EBG, the - EBGis a rt. angle; Huyp.

. the L EGB is less than a rt. angle ; L A%
. the . EBG is greater than the . EGB:
. EG 1s greater than EB: 1. 19

that is, EG is greater than a radius of the circle ;
. the point G is without the circle.
Similarly any other point in CD, except B, may be
shewn to be outside the circle.

Hence CD meets the circle at B, but being produced,
does not cut it ;

that is, CD is a tangent to the circle. I, Def. 5.

Proof. In the A EHB, because the ~ EHB is a rt. angle,
. the L EBH is less than a rt. angle ; 1. 17
. EB 1s greater than EH : 1. 19.
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that 18, EH 18 less than a radius of the circle -
H, a point 1n BF, is within the circle :
BF must cut the circle. Q.E.D.

Nore. The above proof of Proposition 16 is not that given by

Fuclid, but it is preferable as being direct. Euclid’s proof by
Reductio ad Absurdum is given below.

PROPOSITION 16. THEOREM. [EucLin’s PRroor.]

The strarght line drawn at right angles to a diameter of a circle at
one of its extrematies, 18 a tangent to the circle :

and no other straight line can be drawn through this point so as
not to cut the cwrcle.

=

2

Let ABC be a circle, of which D is the centre, and AB a diameter;
let AE be drawn at rt. angles to BA, at its extremity A.

(1) Then shall AE be a tangent to the curcle.

Construction.
For, if possible, suppose AE to cut the circle at C.

Join DC.

Proof. Then in the A DAC, because DA=DC, 1. Def 15.
. the L DAC=the L DCA.
But the . DAC is a rt. angle ; Hyp.
-. the L DCA is a rt. angle ;
that is, two angles of the A DAC are together equal to two rt.
angles ; which is impossible. L. 17.

E “t?tm AE meets the circle at A, but being produced, does not

that is, AE is a tangent to the circle. 1L Def. 5.
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(1) Also through A no other straight line but AE can be drawy
as not to cut the circle.

Construction. For, if possible, let AF be another st. line drawn
through A so as not to cut the circle.

From D draw DG perp. to AF ; . 1%
and let DG meet the Oce at H.

Proof. Then in the A DAG, because the L DGA is a rt. angle,

the L DAG is less than a rt. angle ; L
DA is greater than DG. L 18
But DA=DH, 1. Def. 15.

DH is greater than DG,
the part greater than the whole, which is impossible.

Therefore no st. line can be drawn from the point A, so as not to
cut the circle, except AE.

CoroLLARY. (i) A tangent touches a circle at one point only.

- CoroLvLary. (ii) There can be but one tangent to a circle at @
grven poind.
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ProrosiTioN 17. ProsLEMm.

To draw a tangent to a circle from a given pownt either on, or
without the circumference.

Fig. 1. Fig. 2.
G

“ A K 1‘

Let BCD be the given circle, and A the given point.
It is required to draw from A a tangent to the © CDB.

Case I. When the given point A is on the O,
Construction. Find E, the centre of the circle.  1IL 1.

Join EA
At A draw AK at rt. angles to EA. &
Proof. Then AK being perp to a diameter at one of its
extremities, is a tangent to the circle. 11 16.

Case II. When the given point A is without the O,

Construction. Find E, the centre of the circle; 1L 1.
and join AE, cutting the © BCD at D.

With centre E and radius EA, describe the © AFG.
At D, draw GDF at rt. angles to EA, cutting the © AFG
it F and G. L 3

Join EF, EG, cutting the © BCD at B and C.
Join AB, AC.
Then both AB and AC shall be tangents to the © CDB.

Proof. In the A*AEB, FED,
AE = FE, being radii of the © GAF ;
Because { and EB = ED, being radii of the © BDC;
and the included angle AEF is common ; _
. the « ABE =the . FDE. I 4.
H.8.E. N
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\

G

But the . FDE is a rt. angle ; . Constr,
the . ABE is a rt. angle.

Hence AB, being drawn at rt. angles to a diameter at one
of its extremities, is a tangent to the © BCD. 111 16.

Similarly it may be shewn that AC is a tangent. Q.E.F.

COoROLLARY. If two tangents are drawn to a circle from an
external point, then (i) they are equal ; (ii) they subtend equal angles
at the centre ; (iii) they make equal angles with the straight line which
jowns the given pownt to the centre.

For, in the above figure,

Since ED is perp. to FG, a chord of the ©® FAG, Consir.
. DF=DG. IIL. 3.
Then in the A® DEF, DEG, '
DE is common to both,
Because and EF =EG; 1. Def. 15.
and DF =DG ; Proved.
. the L DEF =the L DEG. L 8

Again in the A* AEB, AEC,

{ AE is common to both,
Because and EB=EC,
and the L AEB=the L AEC: Proved.
. AB=AC: 1L 4
and the L EAB=the L EAC. Q.E.D. |

Nore. If the given point A is within the circle, no solution ¥
possible. Hence we see that this problem admits of fwo solution®
one solution, or no solution, according as the given point A is ws
on, or within the circumference of a circle. For a simpler m
of drawing a tangent to a circle from a given point, see page 218
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PROPOSITION 18. THEOREM.

The straight line drawn from the centre of a circle to the
point of contact of a tangent is perpendicular to the tangent.

A

D D

Let ABC be a circle, of which F is the centre ;
and let the st. line DE touch the circle at C.

Then shall FC be perp. to DE.

For, if not, suppose, if possible, FG to be perp. to DE, 1. 12.
and let FG meet the O* at B,

Proof.
In the A FCG, because the . FGC is a rt. angle, Hyp.
.*. the . FCG is less than a rt. angle ; I 17.
. the . FGC is greater than the - FCG;
‘. FC is greater than FG: I 19.
but FC=FB;
.*. FB is greater than FG,
the part greater than the whole, which is impossible.

FC cannot be otherwise than perp. to DE:
that is, FC is perp. to DE. Q.E.D.

EXERCISES.

1. Draw a tangent to a circle (i) parallel to, (ii) at right angles
to a given straight line. ' ;
2. Tangents drawn to a circle from the extremities of a diameter

common tangent at thewr point of contact.
4. In two concentric circles, any chord of the outer circle which
touches the inner, is bisected at the powmt of contact. :
5. In twe concentric circles, all chords of the outer circle which
touch the inner, are equal.
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ProrosITION 19. THEOREM.

The straight line drawn perpendicular to a tangent to a
circle from the point of contact passes throu gh the centre.

D C E

et ABC be a circle, and DE a tangent to it at the point
C; and let CA be drawn perp. to DE.

Then shall CA pass through the centre.

Construction. For if not, suppose, if possible, the centre

F to be outside CA.
Join CF.

Proof. Because DE is a tangent to the circle, and FC
is drawn from the centre F to the point of contact,
.*. the  FCE 1s a rt. angle. 1L 18.
But the . ACE is a rt. angle ; Hyp.
.*. the L FCE =the . ACE;
the part equal to the whole, which is impossible.

‘. the centre cannot be otherwise than in CA;

that is, CA passes through the centre.
Q.E.D.

EXERCISES ON THE TANGENT.

ProrosiTions 16, 17, 18, 19.

1.  The centre of any circle which touches two intersecting straight
lines must lie on the bisector of the angle between them.

2. AB and AC are two tangents to a circle whose centre is o‘i
shew that AO bisects the chord of contact BC at right angles, |

e X
ﬁﬁﬁﬁﬁ
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3. If two circles are concentric all tangents drawn from points
on the circumference of the outer to the inner circle are equal.

4. The diametfﬁr of a circle bisects all chords which are parallel
to the tangent at either extremity.

straight line at a grven pount,

6. Find the locus of the centres of all circles which touch each
of two parallel straight lines.

7. Find the locus of the centres of all circles which touch each of
fwo intersecting straaght lines of unlvmited length,

8. Describe a circle of given radius to touch two given straight
lines.

9. Through a given point, within or without a circle, draw a
chord equal to a given straight line.

In order that the problem may be possible, between what limits
must the given line lie, when the given point is (i) without the circle,
(ii) within it ?

10. Two parallel tangents to a circle intercept on any third
tangent a segment which subtends a right angle at the centre.

11. In any quadrilateral circumscribed about a circle, the sum of
one pair of opposite sides is equal to the sum of the other pair.

12. Any parallelogram which can be circumscribed about a
circle, must be equilateral.

13. If a quadrilateral is described about a circle, the angles
subtended at the centre by any two opposite sides are together equal

to two right angles.

14, AB is any chord of a circle, AC the diameter through A,
and AD the perpendicular on the tangent at B: shew that AB

bisects the angle DAC.

15. Find the locus of the extremities of tangents of fixed length
drawn to a given circle.

16. In the diameter of a circle produced, determine a point
such that the tangent drawn from it shall be of given length.

17. In the diameter of a circle produced, determine a point
Such that the two tangents drawn from it may contain a given angle.

18. Describe a circle that shall pass through a given point, and
touch a given straight line at a given point. [See page 197. Ex. 5.]

19, Describe a circle of given radius, having its centre on a
given straight line, and touching another given straight line.
20, Describe a circle that shall have a given radius, and touch a
E?;l; circlefand a given straight line. How many such circles can
wn ? | |
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ProrosiTiON 20. THEOREM.

The angle at the centre of a circle s double of an angle af
the circumference, standing on the same arc.

Fig. 1. Fig. 2.

=

Let ABC be a circle, of which E is the centre ; and let
BEC be the angle at the centre, and BAC an angle at the

O*, standing on the same arc BC.
Then shall the . BEC be double of the L BAC.

Construction. Join AE, and produce 1t to F.

Casg 1. When the centre E is within the angle BAC.

Proof. In the A EAB, because EA=EB, 1. Def. 15.
.. the - EAB=the . EBA; L.

. the sum of the .* EAB, EBA=twice the » EAB.

But the ext. . BEF = the sum of the .* EAB, EBA; 1. 32
-. the . BEF =twice the . EAB.

Similarly the . FEC =twice the . EAC.

. the sum of the .* BEF, FEC = twice the sum of
the .* EAB, EAC ;

that is, the - BEC = twice the . BAC.

Casg II. When the centre E is without the . BAC.
As before, it may be shewn that the - FEB = twice the . FAB;
also the . FEC = twice the . FAC;

.. the difference of the .* FEC, FEB=twice the differenct

of the .* FAC, FAB: ‘
that is, the . BEC = twice the - BAC. Q.E.D.
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NoTeE 1. The case in which the centre E

talls on AB or AC needs no proof beyond that i
-.:iven under Case I. g ,0\ C
B

Nore 2. If the arc BFC, on which the
angles stand, is greater than a semi-circum-
terence, the angle BEC at the centre will be
reflex : but it may still be shewn as, in Case I.,
that the reflex £ BEC is double of the 2 BAC
at the Oc¢e, standing on the same arc BFC.

ProrosiTiON 21. THEOREM.

Angles in the same segment of a curcle are equal,

E

C

Let ABCD be a circle, and let BAD, BED be angles in

the same segment BAED.
Then shall the . BAD =the - BED.

Construction. Find F, the centre of the circle. 1L 1.

CASsE I. When the segment BAED is greater than a

semicircle.
Join BF, DF.

Proof. Because the . BFD is at the centre, and the

- BAD at the O, standing on the same arc BD,
- the . BFD =twice the » BAD. . 20.
Similarly the . BFD —twice the . BED. 1. 20.
.. the . BAD =the  BED. Az T.
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CAsg II. When the segment BAED is not greater thap
a semicircle.

A E
B D
C
Construction,
Join AF, and produce it to meet the O* at C.
Join EC.

Proof. Then since AEDC is a semicircle ;
*. the segment BAEC is greater than a semicircle :
the - BAC = the . BEC, in this segment. Case 1

Similarly the segment CAED is greater than a semicircle ;
. the - CAD =the » CED, in this segment.

.*. the .* BAC, CAD =the sum of the .* BEC, CED.
that is, the . BAD =the . BED. Q.E.D.

EXERCISES.

1. P is any point on the arc of a segment of which AB is the
chord. Shew that the sum of the angles PAB, PBA is constant.

2. PQ and RS are two chords of a circle intersecting at X:
prove that the triangles PXS, RXQ are equiangular.

. 3. Two circles intersect at A and B; and through A any straighqt
line PAQ is drawn terminated by the circumferences : shew that
subtends a constant angle at B.

4. Two circles intersect at A and B; and through A any two
straight lines PAQ, XAY are drawn terminated by the circum-
ferences ; shew that the arcs PX, QY subtend equal angles at B.

5. P is any point on the arc of a segment whose chord is AB;'=
and the an%len PAB, PBA are bisected by straight lines which
intersect at O. Find the locus of the point B
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NoTE. If the extension of Proposition 20, given in Note 2 on
page 199, 18 adopted, a separate treatment of
the second case of the present proposition is
Unnecessary.

For, as in Case I.,
the reflex L BF D =twice the L BAD :
111, 20,
also the reflex L BFD =twice the L BED ;
the L BAD =the L BED.

Obs. The converse of Prop. 21 is important. For the construe-
tion used, viz. To describe a circle about a given triangle, see Book
Iv., Prop. 5, or Theorems and Examples on Book 1, page 111, No. 1.

CONVERSE oF ProrosiTiON 21.

Equal angles standing on the same base, and on the same side of it,

have their vertices on an arc of a circle, of which the given base is the
chord.

Let BAC, BDC be two equal angles standing
on the same base BC.

Then shall the vertices A and D lie upon a
segment of a circle having BC as its chord.

Describe a circle about the 2 BAC. 1v. 5.
Then this circle shall pass through D.

For, if not, it must cut BD, or BD produced, B
at some other point E.
Join EC.

Then the L BAC=the L BEC, in the same segment : 111. 21.
but the L BAC=the L BDC, by hypothesis ;
-. the L BEC=the L BDC;
that is, an ext. angle of a triangle =an int. opp. angle ;

which is impossible. I. 16.
. the circle which passes through B, A, C, cannot pass other-

Wise than through D. _
That is, the vertices A and D are on an arc of a circle of which

the chord is BC. Q.E.D.

D

C

o
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ProrosiTiON 22. THEOREM.

The opposite angles of any quadrilateral inscribed i a cirele
are together equal to two right angles.

Let ABCD be a quadrilateral inscribed in the © ABC.

Then shall (i) the .* ADC, ABC fogether = two rt. angles ;
(i) the .* BAD, BCD together = two rt. angles.

Construction. Join AC, BD.

Proof.
Since the . ADB=the . ACB, in the segment ADCB; IIL 21.
and the - CDB=the . CAB, in the segment CDAB;
-. the . ADC = the sum of the »* ACB, CAB.

To each of these equals add the . ABC:
then the two .* ADC, ABC together =the three .° ACB,
CAB, ABC.

But the .* ACB, CAB, ABC, being the angles of a triangle,
together = two rt. angles ; 1. 32.
.. the .* ADC, ABC together =two rt. angles.

Similarly it may be shewn that
the .* BAD, BCD together = two rt. angles. Q.E.D.

EXERCISES.

1. If a circle can be described about a parallelogram, the paral:-
lelogram must be rectangular. 3

2. ABC is an isosceles triangle, and XY is drawn
base BC cutting the sides in X and Y : shew that the four
C, X, Y lie on a circle.
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PROPOSITION 22. [ALTERNATIVE Proor. |

Let ABCD be a quadrilateral inscribed in the & ABC

Then shall the L* ADC, ABC together = two #t, angles.

Join FA, FC,
Since the L AFC at the centre =twice the
L ADC at the O°, standing on the same arc
ABC ; 1. 20,
and the reflex angle AFC at the centre
=twice the L ABC at the O, standing on the
same arc ADC ; 1. 20.

- the L®* ADC, ABC are together half
the sum of the L AFC and the reflex angle AFC;

but these make up four rt. angles: 1. 15. Cor. 2.
. the L® ADC, ABC together=two rt. angles. Q.E.D.

DEFINITION. Four or more points through which a
circle may be described are said to be concyelie.

CONVERSE OF PROPOSITION 22.

If a paiwr of opposite angles of a quadrilateral are together equal
to two right angles, its vertices are concyclic.

Let ABCD be a quadrilateral, in which the opposite angles at
B and D together=two rt. angles.
Then shall the four points A, B, C, D be

conecyclic. D
hrough the three points A, B, C describe
a circle. IV. 9.

Then this circle must pass through D.
For, if not, it will cut AD, oroz% produced,
at some other point E.
Join EC. e A .
Then since the quadrilateral ABCE is inscribed in a circle,

. the L'(ABC, AEC together =two rt. angles. 1. 22,
But the .5 ABC, ADC together =two rt. angles ; Huyp.

hence the L*ABC, AE%=tha L*ABC, ADC.

Take from these equals the L ABC ;

then the L AEC=the L ADC;

that is, an ext. angle of a triangle=an int. opp. angle ;

B

Which is impossible. 1. 16.
*. the circle which passes through A, B, C cannot pass otherwise
than through D :

that is the four vertices A, B, C, D are concyclic.  Q.E.D.




204 EUCLID'S ELEMENTS.

DerFINITION. Similar segments of circles are those
which contain equal angles. [Book 111, Def. 10.]

ProrosiTioN 23. THEOREM.

On the same chord and on the same sude of i, there cannof
be two similar segments of circles, not comnciding with one
another.

If possible, on the same chord AB, and on the same
side of it, let there be two similar segments of circles ACB,
ADB, not coineciding with one another.

Then since the arcs ADB, ACB intersect at A and B,

they cannot cut one another again; 111 10,
one segment falls within the other.

Construction. In the inner arc take any point C.
Join AC, producing it to meet the outer arc at D :

join CB, DB.

Proof. Then because the segments are similar,

the - ACB =the . ADB ; 1L Def. 10.

that is, an ext. .a..ngle of the A CDB=an int. opp. angle;
which is impossible. 1. 16.

Hence the two similar aegments ACB, ADB, on the same
chord AB and on the same side of it, must coincide. Q.E.D.

EXERCISES ON PROPOSITION 22.

1. The straight lines which bisect any angle of a quadrilateral ;?:'
re inscribed in a circle and the opposite exterior angle, meet on
the circumference. _
2 A trim:gla is inscribed in a circle : shew that the sum of the
ngles in the three segments exterior to the triangle is equal to el
3. Divide a circle into two segments, so that the angle c

T
S
5 -J_- i "

by the one shall be double of the angle contained by the other.
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PROPOSITION 24. THEOREM

Simalar segments of circles on equal chords are equal to one
another.

A B C D

Let AEB and CFD be similar segments on equal chords
AB, CD.

Then shall the segment AEB = the segment CFD.

Proof. If the segment AEB be applied to the segment
CFD, so that A falls on C, and AB falls along CD ;
then since AB = CD, Hyp.
B must coincide with D.

.. the segment AEB must coincide with the segment
CFD ; for if not, on the same chord and on the same side of
it there would be two similar segments of circles, not co-
inciding with one another : which is impossible. 1. 23.

the segment AEB = the segment CFD. Q.E.D.

EXERCISES.

1. Of two segments al:a.ndin? on the same chord, the greater
ségment contains the smaller angle.

2. A segment of a circle stands on a chord AB, and P is any
int on the same side of AB as the segment : shew that the angle
PB is greater or less than the angle in the segment, according as P
is within or without the segment.

. 3. P, Q, R are the middle points of the sides of a triangle, and X
W the foot of the perpendicular let fall one vertex on the opposite
side : shew that the four points P, @, R, X are concyclic.

See page 104, Ex. 2: also page 108, Ex. 2.]

.4 Use the precedi exercise to shew that the middle points of the
"“u_of::rimgu Mﬁcﬁdqfﬂcwm JSrom the
Yertices on the opposite sides, are concyclic.
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ProrosiTioN 25. PROBLEM.

An arc of a circle being given, to describe the whole circum.
ference of which the given arc is a part.

B C

A

Let ABC be an arc of a circle.

It s required to describe the whole O% of which the arc ABC is a
part.

Construction.
In the given arc take any three points A, B, C.
Join AB, BC.
Draw DF bisecting AB at rt. angles, 1. 10. 11.
and draw EF bisecting BC at rt. angles.

Proof.
Then because DF bisects the chord AB at rt. angles,

.*. the centre of the cirele lies in DF. 111. 1 Cor.
Again, because EF bisects the chord BC at rt. angles,

. the centre of the circle lies in EF. 111. 1 Cor.

*. the centre of the circle is F, the only point common to
DF and EF.

Hence the O of a circle described with centre F, and
radius FA, is that of which the given arc is a part. Q.EF.
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Nore. Kuclid gave to this proposition a somewhat different
form, as follows :

ProposiTION 25. [EucLin’s MeTHOD. ]

A segment of a circle being given, to describe the circle of which it is

a seqgment.
B B
By

Let ABC be the given segment of a circle, standing on the chord

AC.
It 18 required to describe the circle of which ABC is a segment.

Construction., Draw DB, bisecting AC at rt. angles, and meeting
the Oce at B.
Join AB.

Case I. When the L DAB is not equal to the L ABD.

At A, in BA, make the L BAE equal to the L ABD ; I 23
and let AE meet BD, or BD produced, at E.
Join EC.
Then E shall be the centre of the required circle.
Proof, Since the L EAB=the L EBA, Constr.
EA=EB. 1. 6.
And in the A® EDA, EDC,
DA=DC, Constr.
Because and ED is common ; _
also the L EDA=the L EDC, being rt. angles;
s BA= EC. L 4.

Hence EA, EB, and EC are all equal ; =
. E is the centre of the required circle, and EA, EB, EC are radii

Case II. When the . DAB=the L ABD.
In this case it follows that DB=DA; I 6.

. DB, DA, DC are all equal, so that D is the

tentre of the required circle. £ L 4
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ProrosiTioN 26. THEOREM.

In equal circles the arcs which subtend equal angles, whethey
at the centres or at the circumferences, shall be equal.

D
A
K ke

Let ABC, DEF be equal circles ;
and let the .* BGC, EHF at the centres be equal,
and consequently the .* BAC, EDF at the O** equal. 111, 20,

Then shall the arc BKC = the arc ELF.

Construction. Join BC, EF.

Proof. Because the ©* ABC, DEF are equal,
*. their radi are equal.

Hence in the A* BGC, EHF,

BG = EH,

Because and GC = HF,
and the ~ BGC =the L EHF; Hyp.
. BC=EF, I. 4.

Again, because the . BAC =the . EDF, Hyp.
*. the segment BAC is similar to the segment EDF ;

111. Def. 10.
and these segments are on equal chords BC, EF ;

. the segment BAC = the segment EDF. 111 24.
But the whole ©® ABC =the whole ® DEF ;
.*. the remaining segment BKC = the remaining segment ELF;
. the arc BKC =the arc ELF.

Q.E.D.

[For Exercises and an Alternative Proof see pp. 212, 213.]
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PROPOSITION 27. THEOREM.

In ecqual curcles the angles, whether at the centres or the cir-
cumferences, which stand on equal arcs, shall be equal.

A D

B C E F
K

Let ABC, DEF be equal circles ;
and let the arc BC = the arec EF.

Then shall the . BGC = the L. EHF, at the centres :
and also the . BAC = the . EDF, at the O,

Construction. If the .* BGC, EHF are not equal, one
must be the greater.

If possible, let the . BGC be the greater.
At G, in BG, make the . BGK equal to the - EHF. L. 23.

Proof. In the equal ©* ABC, DEF,
because the ~ BGK = the . EHF, at the centres ; Consir.
*. the arc BK =the arc EF. I11. 26.
But the arc BC =the arc EF; Hyp.

.. the arc BK =the arc BC, :
a part equal to the whole, which is impossible.

.*. the . BGC is not unequal to the - EHF ;
that is, the ~ BGC = the . EHF.

And since the ~ BAC at the O is half the - BGC at the

centre, 1r. 20.
and likewise the . EDF is half the ~ EHF,
.. the . BAC =the ~ EDF, Az T.
_. Q.E.D,
H,8,E. 0
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Lo

ProPOSITION 28. THEOREM.

In equal circles the arcs, which are cut off by equal chords,
shall be equal, the major arc equal to the major arc, and the
manor to the minor.

A D

G H

Let ABC, DEF be equal circles ;
and let the chord BC = the chord EF.

Then shall the major arc BAC = the major arc EDF ;
and the minor arc BGC = the minor arc EHF.

Construction.

Find K and L the centres of the ©* ABC, DEF ; 111. 1.
and join BK, KC, EL, LF.

Proof. Because the ©* ABC, DEF are equal,
. their radii are equal.

Hence in the A* BKC, ELF,

BK = EL,
Because KC = LF,
and BC = EF; Huyp.
the . BKC =the ~ ELF. I &

.*. the arc BGC = the arc EHF ;
for these arcs subtend equal angles at the centre ; 111. 26.
and they are the minor ares.

But the whole O ABGC = the whole O* DEHF ; Hip
. the remaining arc BAC = the remaining arc EDF :
and these are the major arcs. Q.E.D.

[For Exercises see p. 212.]
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ProrositTion 29 THEOREM,
In equal circles the chords, which cut off equal ares, shall
he equal.,

A D

G H

Let ABC, DEF be equal circles ;
and let the arc BGC = the are EHF.

Then shall the chord BC = the chord EF.

Construction. Find K, L the centres of the circles.
Join BK, KC, EL, LF.

Proof. In the equal ©* ABC, DEF,
because the arc BGC = the arc EH F,
.. the  BKC =the ~ ELF, at the centres. 111, 27.

Hence in the A* BKC, ELF,

BK = EL, being radii of equal circles ;
Because KC = LF, for the same reason,
{and the . BKC = the » ELF; Proved.
'« BC=EF. L 4.
. QED,
EXERCISES.

ON PROPOSITIONS 26, 27.

L. Iftwoéhordaofacirckmpamﬂd,theywwm
g'of The straight lines, which join the extremities of two equal

|
.
‘i
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4 If two chords of a circle intersect at right angles, the opposite
arcs are together equal to a gemi-circumference,

5. If two chords intersect within a cwrele, they Jform an angle
equal to that sublended at the circumference by the sum of the ares

they cut off.

6. If two chords intersect without a circle, they Jorm an angle
equal to that subtended at the circumference by the difference of the

arcs they cut off.

7. If AB is a fixed chord of a circle, and P any point on one of the
arcs cut off by it, then the bisector of the angle APB cuts the conjugate
are in the same point, whatever be the position of P.

8 Two circles intersect at A and B; and thmugh these points

straight lines are drawn from any point P on the circumference of
one of the circles : shew that when produced they intercept on the
other circumference an arc which is constant for all positions of P,

9. A triangle ABC is inscribed in a circle, and the bisectors of
the angles meet the circumference at X, Y, Z. Find each angleof
the triangle XYZ in terms of those of the original triangle.

ON PROPOSITIONS 28, 29,

parallel

10. The straight lines which join the extremities of
chords in a circle (i) towards the same parts, (ii) towards

parts, are equal,

11. Thwu% A, a point of intersection of two equal circles, two 3
straight lines AY are drawn : shew that the chord PX B
equal to the chord QY

12. Through the points of intersection of two circles two parallel

straight lines are drawn terminated by the circumferences: shew
that the straight lines which join their extremities towards the samé

parts are equal,
13, Two

ual circles intersect at A and B ; and through A an)

t line PAQ is drawn terminated by the :
14. ABC is an isosceles inseribed in o and ¢
bisectors of the base angles the circumference at X and Y-

3
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Nore. We have given Euclid’s demonstrations of Propositions
26, 27 ; but it should be noticed that these propositions also admit
of proof by the method of superposition.

To illustrate this method we will apply it to Proposition 26.

PROPOSITION 26. [ALTERNATIVE PROOF.]

In ecqual cz-rﬂ[m, the arcs which subtend equal angles, whether at
the centres or circwmferences, shall be equal,

Let ABC, DEF be equal circles ;
and let the L* BGC, EHF at the centres be equal,

and consequently the L* BAC, EDF at the O™ equal. 1. 20.
: eg’hen a{aa the arc BKC =the arc ELF. < |

Proof. For if the © ABC be applied to the ) DEF, so that the ]
centre G may fall on the centre H, |
then because the circles are equal, Hyp.

s their O* must coincide ; g

hence by revolving the upper circle about its centre, the lower circle
B may be made to coincide with E, R

And because the L BGC=the L EHF, Hyp.
with HF :

3 |
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ProrositioNn 30. PROBLEM.
1o bisect a given arc.

D

A C B

Let ADB be the given are.
It is required to bisect the arc ADB.

Construction. Join AB; and bisect AB at C. I. 10,
At C draw CD at rt. angles to AB, meeting the given
arc at D. I. 1%
Then shall the arc ADB be bisected at D.
Join AD, BD.
Proof. In the A* ACD, BCD,
AC = BC, Constr.
Because and CD is common ;
and the - ACD =the . BCD, being rt. angles :
. AD=BD. I 4.

And since in the © ADB, the chords AD, BD are equal,
. the arcs cut off by them are equal, the minor are equal
to the minor, and the major arc to the major:  IIL 28.
and the arcs AD, BD are both minor arcs,
for each is less than a semi-circumference, since DC, bisecting

the chord AB at rt. angles, must pass through the centre
of the circle. 11 1. Cor.

.*. the arc AD =the arc BD :
that is, the arc ADB is bisected at D. Q.E.F.

EXERCISES.

1. If a tangent to a circle is parallel to a chord, the point of
contact will bisect the arc cut off by the chord.

2. Trisect a quadrant, or the fourth part of the circumference,
of a circle.
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Note. The following alternative proof of Proposition 30 re-

moves the necessity of distinguishing between the major and minor
arcs cut off by the chords AD, BD.

PROPOSITION 30. [ALTERNATIVE PROOF.]

The construction being made as before, we may proceed
thus :

Proof In the A* ACD, BCD,
j AC = BC, Constr.
Because and CD is common ;

and the . ACD=the ~ BCD, being rt. angles :
.*. the . DAC=the L DBC: . 4.
that 1s, the ~ DAB = the . DBA.

But these are angles at the O subtended by the arcs
DB, DA ;

.*. the arc DB=the arc DA: 111. 26.

that is, the arc ADB is bisected at D.  Q.E.F.

QUESTIONS FOR REVISION.

1. When is a straight line said (i) fo meet, (ii) to cut, (iii) to
touch, the circumference of a circle ?

2. When are circles said fo fouch one another? Distinguish
between internal and external contact.

3. What theorems have been so far proved by Euclid regarding
(i) circles which cut one another, (ii) circles which touch one another?

4. If two unequal circles are concentric, shew that one must lie
wholly within the other.

5. Shew how to divide the circumference of a circle into three,
Jour, or siz equal parts.

6. Enunciate the propositions so far proved by Euclid relating
to the properties of a tangent to a circle.
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ProrosiTioN 31. THEOREM.

The angle in a semicircle is a right angle.
The angle i a seqgment greater than a semacircle s less than
a right angle.
The angle in a segment less than a semacircle 18 greater thay
a right angle.
F

Let ABCD be a circle, of which BC is a diameter, and E
the centre; and let AC be a chord dividing the circle into
the segments ABC, ADC, of which the segment ABC is greater,
and the segment ADC is less than a semicircle.

Then (1) the angle in the semicircle BAC shall be a right angle ;
Z (11) the angle in the segment ABC shall be less than a rt.
angee ;
(111) the angle in the segment ADC shall be greater than a rt.

angle.

Construction. In the arc ADC take any point D ;
Join BA, AD, DC, AE ; and produce BA to F.

Proof. (i) Because EA = EB, 1. Def. 15.
.*. the - EAB=the » EBA. L D
And because EA = EC,
.*. the L EAC=the L ECA.
.. the whole . BAC = the sum of the .* EBA, ECA:
but the ext. . FAC = the sum of the two int. .* CBA, BCA:
.*. the . BAC=the . FAC:
.. these angles, being adjacent, are rt. angles.
.. the £ BAC, in the semicircle BAC, is a rt. angle.
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(11) In the A ABC, because the sum of the .* ABC, BAC
is less than two rt. angles ; o L b

and of these, the . BAC is a rt. angle;  Proved.

the . ABC, which is the angle in the segment ABC, is
less than a rt. angle.

(i11) Because ABCD is a quadrilateral inseribed in the

) ABC,
. the opp. .* ABC, ADC together = two rt. angles; 111. 22.
and of these, the . ABC is less than a rt. angle: Proved.

the - ADC, which is the angle in the segment ADC, is
greater than a rt. angle. Q.E.D.

EXERCISES.

1. A circle described on the hypotenuse of a right-angled triangle
as diameter, passes through the opposite angular poind.

2. A system of right-angled triangles is described upon a given
straight line as hypotenuse ; find the locus of the opposite angular
points.

3. A straight rod of given length slides between two straight

rulers placed at right angles to one another; find the locus of its
middle point.

4. Two circles intersect at A and B; and through A two
diameters AP, AQ are drawn, one in each circle: shew that the
points P, B, Q are collinear. [See Def. p. 110.]

5. A circle is described on one of the eq]u];} sides of an isosceles
tlf'ia.ngle as diameter. Shew that it passes through the middle point
of the base.

6. Of two circles which have internal contact, the diameter of
the inner is equal to the radius of the outer. Shew that any chord
of the outer circle, drawn from the point of contact, 18 bisected by
the cirecumference of the inner circle.

7. Circles described on any two sides of a triangle as diameters
intersect on the third side, or the third side produced.

8. Find the locus of the middle points of chords of @ circle drawn
through a fized point. Distinguish between the cases when the gwven
point is within, on, or without the circumference.

9. Describe a square equal to the difference of two given squares.

10. Through one of the points of intersection of two circles
draw a chord ogf one circle which shall be bisected by the other.

1. On iven ight line as base a of equilateral
four-sided ﬁ;xgnvk ved : find the locus of the intersection of

their diagonals.
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NOTES ON PROPOSITION 31.

Nore 1. The extension of Proposition 20 to strarght and reflex
angles furnishes a simple alternative proof of

the first theorem contained in Proposition 31, A
namely,
The angle in a semicircle is a right angle. . ;

For, in the adjoining figure, the angle at
the centre, standing on the arc BHO, is

double the angle BAC at the Oce standing
on the same arc. H

Now the angle at the centre is the straight angle BEC ;
. the £ BAC is half of the straight angle BEC -
and a straight angle =two rt. angles ;
the £ BAC=one half of two rt. angles,
=one rt. angle. Q.E.D.

Note 2. From Proposition 31 we may derive a simple practical
solution of Proposition 17, namely,

To draw a tangent to a circle from a given external point.

Let BCD be the given
circle, and A the given exter-

nal Foint.
t is required to draw from
A a tangent to the  BCD.

Find E, the centre of the
given circle, and join AE.
On AE describe the semi-

circle ABE, to cut the given
circle at B.

Join AB.

Then AB shall be a tangent
to the O BCD.

For the L ABE, being in a semicircle, is a rt. angle. m. 8.
. AB is drawn at rt. angles to the radius E%, from its ex-
tremity B ; i

AB is a tangent to the circle.

= fo s T L I el e
.........
____
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QUESTIONS FOR REVISION AND NUMERICAL EXERCISES.

1. Define an are, a chord, a segment of a circle. When are
segments of circles said to be similar to one another ?

2. Enunciate propositions which give the properties of chords of
a circle in relation to the centre.

3. Prove that in a circle whose diameter is 34 inches, a chord
30 inches in length is at a distance of 8 inches from the centre.

4. In a circle a chord 2 feet in length stands at a distance of
5 inches from the centre : shew that the diameter of the circle is
2 inches longer than the chord.

5. What must be the length of a chord which is 1 foot distant
from the centre of a circle, if the diameter is 2 yards 2 inches ?

6. Two parallel chords of a circle, whose diameter is 13 inches,
are respectively 5 inches and 1 foot in length : shew that the
distance between them is 8} inches, or 3} inches.

7. Two circles, whose radii are respectively 26 inches and 25
inches, intersect at two points which are 4 feet apart. Shew that
the distance between their centres is 17 inches.

8. The diameters of two concentric circles are respectively
50 inches and 48 inches: shew that any chord of the outer circle
which touches the inner must be 14 inches in length.

9. Of two concentric circles the diameter of the greater is
74 inches, and any chord of it which touches the smaller circle is
70 inches in length : shew that the diameter of the smaller circle
18 2 feet.

10. Two circles of diameters 74 and 40 inches rgsmctively have
a common chord 2 feet in length : shew that the distance between

their centres is 51 inches.

11. The chord of an arc is 24 inches in length, and the height of
the arc is 8 inches ; shew that the diameter of the cirele is 26 inches.

12. AB is a line 20 inches in length, and C is its milddle‘poing
Un AB, AC, CB semicircles are described. Shew that if a circle is
inseribed in the space enclosed by the three semicircles its radius
must be 34 inches.
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PROPOSITION 32. 'T'HEOREM.

If a straight Line touches a circle, and from the point of
contact a chord s drawn, the angles which this chord makes
with the tangent shall be equal to the angles in the alternate
segments of the circle.

5 B F

Let EF touch the given © ABC at B, and let BD be a
chord drawn from B, the point of contact.

Then shall

(1) the . DBF = the angle in the alternate seqgment BAD :
(1) the . DBE = the angle in the alternate seqment BCD.

Construction. From B draw BA perp. to EF. 28 §
Take any point C in the arc BD ;
and join AD, DC, CB.

(1) Proof. Because BA is drawn perp. to the tangent
EF, at its point of contact B, '
.*. BA passes through the centre of the cirele: 111 19.
.*. the . ADB, being in a semicircle, is a rt. angle: 111. 31.
.. In the A ABD, the other .* ABD, BAD together=a rt.
angle ; o =
that is, the .* ABD, BAD together =the . ABF.

From these equals take the common . ABD :;
.*. the - DBF =the . BAD, which is in the alternate seg-
ment. '
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(ii) Because ABCD is a quadrilateral inscribed in a
circle,
the opp. * BCD, BAD together =two rt. angles : IIL 22
but the .* DBE, DBF together = two rt. angles ; I 13.
the ».* DBE, DBF together =the .* BCD, BAD ;
and of these the . DBF =the L BAD ; Proved.
+ the . DBE = the . BCD, which is in the alternate segment.

Q.E.D.

EXERCISES.

1. State and prove the converse of Proposition 32.

9. Use this proposition to shew that the tangents drawn to a
circle from an external point are equal

3 If two circles touch one another, any straight line drawn
through the point of contact cuts off similar segments.

Prove this for (i) internal, (ii) external contact.

4. If two circles touch one another, and from A, the point of
contact, two chords APQ, AXY are drawn: then PX and QY are

parallel.
Prove this for (i) internal, (ii) external contact.

5. Two circles intersect at the points A, B: and one of them
passes through O, the centre of the other: prove that OA bisects
the angle between the common chord and the tangent to the first

circle at A.

6. Two circles intersect at A and B; a:nd th'rough P, any point
on the circumference of one of them, straight lines PAC, PBD are
drawn to cut the other circle at C and D : shew that CD is

to the tangent at P.

7. If from th 'tofwntactofa.tangenttoacimla,aehud
18 drawn, them - pﬂi?uhrs dropped on the tangent and chord from
the middle point of either arc cut off by the chord are equal.
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PRrorosITiION 33. PROBLEM.

On a given straight line to describe a seqment of a cirels
which shall contain an angle equal to a given angle.

< sl El

Let AB be the given st. line, and C the given angle.

It s required to desmbe on AB a segment of a circle which shall
contarn an angle equal to C.

Construction.
At A in BA, make the » BAD equal to the . C. 1. 23.
From A draw AE at rt. angles to AD. L3R
Bisect AB at F. L 10,
From F draw FG at rt. angles to AB, cutting AE at G.
Join GB.
Then in the A®* AFG, BFG,
AF = BF, Constr.
Because and FG is common,
and the . AFG =the . BFG, being rt. angles ;
*~ GA=GB: L %

.*. the circle descnbe;d with centre G, and radius GA, will
pass through B.

Describe this circle, and call it ABH.
Then the segment AHB shall contain an angle equal to C

Proof. Because AD is drawn at rt. angles to the radms
GA from its extremity A,
.. AD 18 a tangent to the circle ; 111. 16.
~ and from A, its point of contact, a chord AB is drawn ;
. the L BAD = the angle in the alt. segment AHB. 111. 32.
But the - BAD=:the ~ C: Constr.
¢ the angle in the segment AHB = the . C.
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Note. In the particular case
when the given angle C is a rt. angle, C
the segment required will be the
semicircle described on the given st.
line AB; for the angle in a semi-
circle is a rt. angle. 111, 31.

EXERCISES.

[The following exercises depend on the corollary to the Converse
of Proposition 21 given on page 201, namely

The locus qf the vertices of triangles which stand on the same base
and have a gwen vertical angle, i8 the arc of the segment standing on
this base, and containing an angle equal to the given angle.

Exercises 1 and 2 afford good illustrations of the method of
finding required points by the Intersection of Loci. See page 125.]

1. Describe a triangle on a given base, having a given vertical
angle, and having its vertex on a given straight line.

2. Construct a triangle, having given the base, the vertical angle
and (i) omne other siude.
(i) the altitude.
(iii) the length of the median which bisects the base.

(iv) the point at which the perpendicular from the vertex meets
the base.

3. Construct a triangle having given the base, the vertical angle,
and the point at which the base 1s cul by the bisector of the vertical
angle.

[Let AB be the base, X the given point in it, and K the given
angle. On AB describe a segment of a circle containing an angle

equal to K ; complete the O by drawing the arc APB. Bisect the
arc APB at P : join PX, and produce it to meet the Oce at C. Then

ABC shall be the required triangle. |

4. Construct a triangle having given the base, the vertical angle,
and the sum of the remaining sides.

[Let AB be the given base, K the given angle, and H the given
line equal to the sum of the sides. On AB describe a segment

containine an angle equal to K, also another segment cont '
an an lagequal togh the L K. From centre A, with radius H,

deseribe a circle cutting the arc of the last drawn segment at X and
Join AX (or AY) cutting the arc of the first segment at C. Then

ABC shall be the required triangle.]

5. Construct a triangle having given the base, the vertical angle,
and the difference of the remaining sides.
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ProrosiTION 34. PROBLEM.

From a qiven circle to cut off a segment which shall contain
an angle equal to a given angle.

o

D

A

E B F
Let ABC be the given circle, and D the given angle.

It is required to cut off from the © ABC a segment which shall
contain an angle equal to D.

Construction. Take any point B on the O,
and at B draw the tangent EBF. 1. 17.
At B, in FB, make the  FBC equal to the . D. 1. 23.

Then the segment BAC shall contain an angle equal to D.

Proof. Because EF is a tangent to the circle, and from
B, its point of contact, a chord BC 1s drawn,
‘. the . FBC =the angle in the alternate segment BAC.
11 32.
But the - FBC=the L D; Constr.
*. the angle in the segment BAC =the . D.

Hence from the given ©® ABC a segment BAC has been
cut off, containing an angle equal to D. Q.E.F.

EXERCISES.

1. The chord of a given segment of a circle is produced to &
fixed point : on this straight line so produced draw a segment of &
circle similar to the given segment.

2. Through a given point without a circle draw a stra t line
thstwﬂluuboﬂ';fgmm%mmpbhdenﬁoq%@‘

given angle,

4
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QUESTIONS FOR REVISION,

1. Enunciate the propositions from which we infer that a
straight line and a circle must either

(1) intersect in two points ; or
(ii) touch at one point ; or
(iii) have no point in common,

2, Give two independent constructions for drawing a tangent
to a circle from an external point.

Shew that the two tangents so drawn

(i) are equal ;
(11) subtend equal angles at the centre ;
(ii1) make equal angles with the straight line which joins the
given point to the centre.

3. Enunciate propositions relating to

(i) angles in a segment of a circle ;
(ii) similar segments of circles.

4. What are conjugate arcs of a circle ?
The angles in conjugate segments of a circle are supplementary.
How does Euclid enunciate this theorem? State and prove its

converse.

5. Explain what is meant by a reflex angle. What simplifica-
tions may be made in the proofs of Third Book Propositions i reflex

angles are admitted ?

8. If the circumference of a circle is divided into six equal arcs,
shew that the chords joining successive points of division are all

equal to the radius of the circle.

7. TFind the locus of the centres of all circles
(i) which pass through two given points;
(ii) which touch a given circle at a given point ;
(iii) which are of given radius, and touch a given circle ;
(iv) which are of given radius, and pass through a given
o RN A
(v) which touch a given straight line at a given point ;
(vi) which touch each of two parallel straig t lines ;
(vii) which touch each of two intersecting straight lines of
unlimited length. |

8. If a system same base and on the
same side o; it, and have zml vertical angles, shew that the locus
of their vertices is the arc

a circle. Prove this theorem, having
first enunciated the proposition of which it is the converse.
H.8.E. P
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ProrosSITION 35. THEOREM.

If two chords of a circle cut one another, the rectangl,
contained by the seqments of one shall be equal to the rectangle
contained by the segments of the other.

C B

Let AB, CD, two chords of the ©® ACBD, cut one another
at E.
Then shall the rect. AE, EB = the rect. CE, ED.

Construction. Find F, the centre of the ©® ACB; IIL l.
From F draw FG, FH perp. respectively to AB, CD. L 12,
Join FA, FE, FD.

Proof. Because FG is drawn from the centre F perp. to AB,
.*. AB 1s bisected at G. ITL. 3.
For a similar reason CD is bisected at H.

Again, because AB is divided equally at G, and unequally at E,
~. the rect. AE, EB with the sq. on EG=the sq. on AG. IL 5.
To each of these equals add the sq. on GF ;
then the rect. AE, EB with the sqq. on EG, GF =the sum of

the 8qq. on AG, GF.
But the sqq. on EG, GF =the sq. on FE; I 4T.
and the sqq. on AG, GF =the sq. on AF ;
for the angles at G are rt. angles.
.. the rect. AE, EB with the sq. on FE =the sq. on AF.
Similarly it may be shewn that
the rect. CE, ED with the sq. on FE = the sq. on FD.
But the sq. on AF =the sq. on FD; for AF = FD.
. the rect. AE, EB with the sq. on FE =the rect. CE, ED
with the sq. on FE. |
From these equals take the sq. on FE:
then the rect. AE, EB=the rect. CE, ED. Q.E.D.
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UOROLLARY. If through a fized point within a cirele any

number of chords are drawn, the rectangles contained by their
seqments are all equal. -

Nore. The following special cases of this proposition deserve
notice :

(1) when the given chords both pass through the centre :

(1) when one chord passes through the centre, and cuts the
other at right angles :

(111) when one chord passes through the centre, and cuts the
other obliquely.

In eaph of these cases the general proof requires some modifica-
tion, which may be left as an exercise to the student.

EXERCISES.

1. Two straight lines AB, CD intersect at E, so that the rectanqgle

AE, EB s equal to the rectangle CE, ED ; shew that the four points
A, B, C, D are concyclic.

2. The rectangle contained by the segments of any chord drawn
through a given point within a circle is equal to the square on half
the shortest chord which may be drawn through that point.

3. ABC is a triangle right-angled at C; and from C a perpen-
dicular CD is drawn to the hypotenuse : shew that the square on
CD is equal to the rectangle AD, DB.

4. ABC is a triangle ; and AP, BQ, the perpendiculars dropped
from A and B on the opposite sides, intersect at O : shew that the
rectangle AO, OP is equal to the rectangle BO, OQ.

5. Two circles intersect at A and B, and through any point in
AB their common chord two chords are drawn, one in each cirele ;

shew that their four extremities are concyeclic.

6. A and B are two points within a circle such that the rectangle
contained by the segments of any chord drawn through A is equal to
the rectangle contained by the segments of any chord through B:
shew that i and B are equidistant from the centre. -

7. If through E, a point without a circle, two secants, EAB, ECD
E"é dmu{n F soh‘zfa that 5:' rectangle EA, EB is equal to the rectangle

y» ED. :

[Proceed as in 111. 35, using 11. 6.] _

8. T“”‘E,S“ A, a point of intersection of two circles, two straight

lines CAE, DAF drawn, each ing through a centre and
terminated by WW ew that the rectangle CA, AE
18 equal to the rectangle DA, AF.
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ProrosiTiON 36. 'THEOREM.

l f frmn any p()f??-f- without a circle a t(mggnt and a secant
are drawn. then the rectangle contained by the whole secant and
the part of it without the circle shall be equal to the square on
the tangent.

A

Let ABC be a circle ; and from D, a point without it, let
there be drawn the secant DCA, and the tangent DB.

Then the rect. DA, DC shall be equal to the sq. on DB.

Construction. Find E, the centre of the ©® ABC: IIL 1.
and from E, draw EF perp. to AD. L 12
Join EB, EC, ED.

Proof. Because EF, passing through the centre, is
perp. to the chord AC,

.. AC 18 bisected at F. 9 ; g S

And since AC is bisected at F and produced to D,
.. the rect. DA, DC with the sq. on FC = the sq. on FD. IL b.
To each of these equals add the sq. on EF:
then the rect. DA, DC with the sqq. on EF, FC = the sqq. on
EF, FD.
But the sqq. on EF, FC = the sq. on EC; for EFC is a rt. angle;
= the sq. on EB.
And the sqq.on EF, FD = the sq. on ED; for EFD is a rt. angle;
= the sq?. on EB, BD; for EBD 1s 8
rt. angle. 1. 18.
. the rect. DA, DC with the sq. on EB = the sqq. on EB, BD.
From these equals take the sq. on EB:
then the rect. DA, DC =the sq. on DB. Q.E.D.

Norte. This proof may easily be adapted to the case when the
secant passes through the centre of the Joh
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COROLLARY. If from a given pount without a cirele any
nuwmber Qf secants are drawn, the rectanqgles contained b:/ the
whole secants and the parts of them without the circle are all
equal ; for each of these rectangles is equal to the square on the
tangent drawn from the given point to the cirele.

_ _ P

For instance, in the adjoining figure,
each of the rectangles PB, PA and PD, PC
and PF, PE 1s equal to the square on the

tangent PQ : Q
the rect. PB, PA
=the rect. PD, PC B

=the rect. PF, PE.

. F

~ Nore. Remembering that the segments into which the chord AB
18 divided at P, are the lines PA, PB, (see Def., page 139) we are
enabled to include the corollaries of Propositions 35 and 36 in a

single enunciation.

Af any number of chords of a circle are drawn through a given
powmt within or without a circle, the rectangles contained by the

segments of the chords are equal.

EXERCISES.

1. Use this proposition to shew that tangents drawn to a circle
from an external point are equal.

2. If two circles intersect, tangents drawn to them from any
point in their common chord produced are equal.

3. If two circles intersect at A and B, and PQ is a tangent to
both circles ; shew that AB produced bisects PQ.

4. If P is any point on the straight line AB produced, shew that
the tangents drawn from P to all circles which pass through A and
B are equal. |

5. ABCisa le right-angled at C, and from any point P in
AC, a perpendiom is wngto the hypotenuse : shew that the
rectangle AC, AP is equal to the rectangle AB, AQ.

1 iangle right-angled at C, and from C a perpen-
dicular CD is drawn to thanhsypoteﬁm . shew that the rect. R.h, AD
is equal to the square on AC.
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ProrPoSITION 37. THEOREM.

If from a point without a circle there are drawn two straighi
lines, one of which cuits the circle, and the other meéls u, and if
the rectangle contained by the whole line which cuts the circle and
the part of it without the circle is equal fto the square on the line
which meets the circle, then the line which meets the circle shall

be a tangent to il
B

E

Let ABC be a circle; and from D, a point without it,
let there be drawn two st lines DCA and DB, of which
DCA cuts the circle at C and A, and DB meets it ; and let

the rect. DA, DC = the sq. on DB.
Then shall DB be a tangent to the circle.

Construction. From D draw DE to touch the ©® ABC : III. 17.
let E be the point of contact.
Find the centre F, and join FB, FD, FE. 111 1.

Proof, Since DCA is a secant, and DE a tangent to the circle,
.*. the rect. DA, DC =the sq. on DE, 11 36.
But, by hypothesis, the rect. DA, DC =the sq. on DB ;
. the sq. on DE =the sq. on DB;
. DE=DB.

Hence in the A®* DBF, DEF,
Because { and BF =EF ; 1. Def. 15.
1and DF is common ;
the . DBF =the ~ DEF. 1. 8.

But DEF is a rt. angle, for DE is a tangent ; 1L 18
.. DBF is also a rt. angle;
and since BF is a radius,
. DB touches the © ABC at the point B. Q.E.D.




NOTE ON THE METHOD OF LIMITS AS APPLIED TO TANGENCY

Euclid defines a tangent to a circle as a strawght line which meets
the crrcumference, but being produced, does not cut it - and from this
definition he deduces the fundamental theorem that a. tangent is per-
pendicular to the radius drawn to the point of contact. 111. Prop. 16.

But this result may also be established by the Method of Limits
which regards the tangent as the wltimate position of a secant whc*r;
its two ponts of wntersection with the circumference are brought into
coincidence [See Note on page 165] : and it may be shewn that every
theorem relating to the tangent may be derived from some more
general proposition relating to the secant, by considering the ultimate
case when the two points of intersection coincide.

1. To prove by the Method of Limits that a tangent to a circle
is at right angles to the radius drawn to the point of contact.

Let ABD be a circle, whose centre
is C; and PABQ a secant cutting the
Ocein A and B; and let PPAQ’ be the
limiting position of PQ when the point
B is brought into coincidence with A.

Then shall CA be perp. to P'Q .

Bisect AB at E and join CE :
then CE is perp. to PQ. 111. 3.

Now let the secant PABQ change
its position in such a way that while the
point A remains fixed, the point B con-
tinually approaches A, and ultimately
coincides with it ;

then, however near B approaches to A, the st. line CE is always
perp. to PQ, since it joins the centre to the middle point of the

chord AB.

But in the limiting position, when B coincides with A, and the
secant PQ becomes the tangent P'Q, it is clear that the point E
will also coincide with A ; and the perpendicular CE becomes the
radius CA. Hence CA is perp. to the tangent P'Q’ at its point of
contact A. Q.E.D.

Note. It follows from Proposition 2 that a straight line cannot
cut the circumference of a cirele at more than two points. Now when
the two points in which a secant cuts a circle move towards coinci-
dence, the secant ultimately becomes a tangent to the circle : we
infer therefore that a tanghc;?t cannot meet a circle otherwise than
at its point of contact. us Euclid’s definition of a tangent may

be deduced from that given by the Method of Limits.

" i
- s i . T
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2. By this method Proposition 32 may be derived as a speciaf
case from Proposition 21.
For let A and B be two points on the Oc®

of the © ABC ;

and let BCA, BPA be any two angles in

the segment BCPA :

then the L BPA=the L BCA. 1. 21.
Produce PA to Q.

Now let the point P continually approach
the fixed point A, and ultimately coincide
with it ; A

then, however near P may approach to A,
the L BPQ=the L BCA. 111. 2].

But in the limiting position when Q' Q
P coincides with A,
and the secant PAQ@ becomes the tangent AQ/,
it is clear that BP will coincide with BA,
and the L BPQ becomes the L BAQ.
Hence the L BAQ'=the L BCA, in the alternate segment. Q.E.p.

The contact of circles may be treated in a similar manner by
adopting the following definition.

DerFixiTioN. If one or other of two intersecting circles alters its
position in such a way that the two points of intersection continually
approach one another, and ultimately coincide; in the limitin
position they are said to touch one another, and the point in whic
the two points of intersection ultimately coincide is called the
point of contact.

EXAMPLES ON LIMITS.

1. Deduce Proposition 19 from the Corollary of Proposition 1
and Proposition 3.

2. Deduce Propositions 11 and 12 from Ex. 1, page 171.
3. Deduce Proposition 6 from Proposition 5.
4. Deduce Proposition 13 from Proposition 10.

5. Shew that a straight line cuts a circle in two different points,
two coincident points, or not at all, according as its distance from
the centre is less than, equal to, or greater than a radius.

6. Deduce Proposition 32 from Ex. 3, page 202.

7. Deduce Proposition 36 from Ex. 7, page 227.

8. The angle in a semi-circle is a right angle.

To what Theorem is this statement reduced, when the vertex of
the right angle is brought into coincidence with an extremity of the
diameter ?

9. From Ex. 1, page 204, deduce the correspondi rty of
a triangle inscribed in a circle. .
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THEOREMS AND EXAMPLES ON BOOK IIL

I. ON THE CENTRE AND CHORDS OF A CIRCLE.
[See Propositions 1, 3, 14, 15, 25.]

1. All cwrcles which pass through a fixed point, and have their
centres on a gwen straight line, pass also through a second fixed point,

Let AB be the given st. line, and P the given point.
o

& P
A

From P draw PR perp. to AB;
and produce PR to P’, making RP’ equal to PR.

Then all circles which pass through P, and have thewr centres on
AB, shall pass also through P’.

For let C be the centre of any one of these circles.

Join CP, CP".
Then in the 2A®* CRP, CRF,

CR is common,
Because and RP=RP/, Constr.
and the L CRP=the L CRP’, being rt. angles;
. CP=CV; 1. 4.

. the circle whose centre is C, and which passes through P, must

pass also through P'.

But C is the centre of any circle of the system ; :
. all circles, which through P, and have their centres In AB,

pass also through F".

ZaE Describe a circle that shall pass through three given points not
in the same straight line.




